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SOME RESULTS ON THE EVENTUAL PARACANONICAL MAPS
ZHI JIANG
Abstract. The eventual paracanonical map was introduced by Barja, Pardini, and Stop-
pino in order to prove refined Severi-type inequalities. We study the general structures of
the eventual paracanonical maps by generic vanishing theory. In particular, we show that
the Albanese morphism of X admits very special structure if X is a surface or a threefold
and the eventual paracanonical map of X is not birational.
1. Introduction
Let X be a smooth projective variety. Assume that a : X → A is a primitive morphism
to an abelian variety, which is generically finite onto its image, and L is a line bundle on X
such that H0(X,L⊗a∗P ) 6= 0 for P ∈ Pic0(A) general, Barja, Pardini and Stoppino [BPS1]
defined the eventual map of L with respect to a:
ϕL,a : X → ZL,a
such that ϕL,a is generically finite and a factors birationally through ϕL,a.
The map ϕL,a can be constructed the following way. Take d > 0 sufficiently large and
divisible and let md : A→ A be the multiplication by d and take π : X
(d) → X the induced
e´tale cover by md. Let ϕd be the map induced by the linear system |π
∗L⊗P | for P ∈ Pic0(A)
general. Then ϕd : X
(d) → Z(d) is generically finite onto its image. Moreover the Galois
group G of π acts naturally on Z(d), ϕd is G-equivariant, and the quotient of ϕd by G gives
us the eventual map ϕL,a of L.
We denote by aX : X → AX the Albanese morphism of X . We shall denote by ϕL
instead of ϕL,aX . All morphisms a : X → A factor through aX by the universal property of
aX . However, ϕL,a does not factor birationally through ϕL, as we can see in the following
example.
Example 1.1. Let D be a smooth projective curve of genus g(D) ≥ 1 and let ρ : C → D
be a ramified double cover from a smooth projective curve C to D with g(C) > 2g(D).
Let L be a line bundle of degree g(D) on D. Then ρ∗L has degree 2g(D) < g(C). Hence
h0(C, ρ∗L ⊗ P ) = 0 for P ∈ Pic0(AC) and we cannot define ϕρ∗L,aC . On the other hand,
for P1 ∈ Pic
0(AD) general, h
0(C, ρ∗L⊗ ρ∗P1) = h
0(D,L⊗ P1) = 1 and one can check that
ϕρ∗L,a is birationally equivalent to ρ.
Among all line bundles L, we are in particular interested in the canonical divisor KX .
If χ(X,ωX) = h
0(X,KX ⊗ P ) > 0 for P ∈ Pic
0(X) general, we will call the eventual map
of KX with respect to aX the eventual paracanonical map of X and we use the following
notations:
aX : X
ϕX−−→ Z
g
−→ AX ,
where after birational modifications, we will assume that Z is smooth and ϕ is generically
finite and surjective.
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Barja, Pardini and Stoppino proved in [BPS2] that
(A) either χ(Z, ωZ) = 0 or χ(Z, ωZ) = χ(X,ωX) > 0;
(B) assume dimX = 2, then deg ϕX ≤ 4 and if moreover χ(Z, ωZ) = χ(X,ωX) > 0,
degϕX ≤ 2.
The bound degϕX ≤ 4 for surfaces is optimal, as Barja, Pardini and Stoppino constructed
a surface X whose eventual paracanonical map is a birational (Z/2Z)2-cover of AX .
Barja, Pardini and Stoppino then asked [BPS2, Question 5.6] whether or not there exist
surfaces X with χ(Z, ωZ) = χ(X,ωX) and degϕX = 2 and if there exit constants C(n)
such that degϕX ≤ C(n) for all X of dimension n ≥ 3. The latter question is particularly
interesting because the effective bound degϕX ≤ 4 for surfaces relies heavily on the Miyaoka-
Yau inequality that 9χ(X,ωX) ≥ vol(X). This inequality fails in higher dimensions. Indeed,
Ein and Lazarsfeld found a threefold X , which is of maximal Albanese dimension, of general
type, and of χ(X,ωX) = 0 ([EL]).
In this article, we will apply generic vanishing theory ([EL, PP, CJ]) to study the eventual
paracanonical maps. The starting point is the following easy lemma.
Lemma 1.2. The eventual paracanonical map ϕX : X → Z can be characterized as the map
with maximal degree such that
(1) aX factors birationally through ϕX ;
(2) there exists a rank 1 subsheaf L of ϕX∗ωX such that h
0(Z,L ⊗Q) = h0(X,ωX⊗Q)
for Q ∈ Pic0(X) general.
Proof. From the construction of ϕX , as Z
(d) is the image of the map induced by the linear
system |KX(d) ⊗ P |, there exists a line bundle L
(d) on Z(d) and a fixed divisor F on X(d),
such that |KX(d) ⊗ P | = ϕ
∗
d|L
(d) ⊗ P | + F , for P ∈ Pic0(AX) general. Moreover, we have
the commutative diagram
X(d)
πX

ϕd
// Z(d)
πZ

// AX
md

X
ϕX
// Z // AX ,
where after birational modifications of X and Z, all vertical morphisms are e´tale, and we
know that the line bundle L (d) descends to a line bundle L on Z. As L →֒ ϕX∗ωX
and h0(X(d), KX(d) ⊗ P ) = h
0(Z(d), π∗ZL ⊗ P ) for P ∈ Pic
0(AX) general, we conclude that
h0(X,KX ⊗Q) = h
0(Z,L ⊗Q) for Q ∈ Pic0(AX) general.
On the other hand, for any Y satisfies conditions (1) and (2), we see that the map on X(d)
induced by |KX(d) ⊗ P | factors through the corresponding e´tale cover Y
(d) of Y and hence
ϕX factors through Y . Thus, ϕX is the map with maximal degree satisfying conditions (1)
and (2). 
Remark 1.3. By the same argument in the proof of Lemma 1.2, ϕL,a : X → ZL,a can be
characterized as the map with maximal degree such that
(1) a factors birationally through ϕL,a;
(2) there exists a line bundle H on ZL,a such that ϕ
∗
L,aH →֒ L and h
0(X,L ⊗ P ) =
h0(ZL,a, H ⊗ P ) for P ∈ Pic
0(A) general.
Remark 1.4. By generic vanishing, we know that if χ(X,ωX) > 0, then h
0(X,KX ⊗ P ) =
h0(X,KX ⊗ P1) for P ∈ Pic
0(AX) and P1 ∈ Pic
0(A) general. Thus, by Lemma 1.2 and
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the universal property of the Albanese morphism, we conclude that ϕKX ,a always factors
through ϕX .
Lemma 1.2 can be used to give all possible structures of ϕKC ,a for a smooth projective
curve C together with a primitive moprhism a : C → A. We may assume that Z is a smooth
projective curve with genus g(Z) ≥ 1. By the canonical splitting, (ϕKC ,a)∗ωC = ωZ ⊕ F .
Note that (ϕKC ,a)∗ωC/Z is a nef vector bundle (see for instance [V2, Corollary 3.2]).
If g(Z) > 1, by Riemann-Roch, for each direct summand Q of (ϕKC ,a)∗ωC , we have
h0(Z,Q ⊗ P ) > 0, for P ∈ Pic0(A) general. Thus, Lemma 1.2 implies that F = 0 and
hence ϕKC ,a is birational.
If g(Z) = 1, we may assume that Z = A and ϕKC ,a is not birational. Since a is primitive,
F is an ample vector bundle. Then by Lemma 1.2 and Riemann-Roch, we conclude that
rankF = 1 and hence a is a double cover.
In higher dimensions, in order to apply Lemma 1.2 to study the sturcute of ϕX . We need
further informations about aX∗ωX . By the decomposition theorem proved in [CJ] (see also
[PPS]), we know that
aX∗ωX = F
X
⊕
pB :AX։B
⊕
i
(p∗BFB,i ⊗QB,i),
where FX is an M-regular sheaf on A, pB : A→ B are surjective morphisms between abelian
vareities with connected fibers, FB,i are M-regular sheaves on B, and QB,i are torsion line
bundles on AX . We can then restate the characterization of the eventual paracanonical
maps.
Proposition 1.5. The eventual paracanonical map ϕX : X → Z can be characterized as
the map with maximal degree such that
(1) aX factors as aX : X
ϕX−−→ Z
g
−→ AX ;
(2) there exists a rank 1 subsheaf L of ϕX∗ωX such that F
X →֒ g∗L .
By this proposition, we can give a complete description of the eventual paracanonical
maps of surfaces.
Theorem 1.6. Let X be a smooth projetive surface of maximal Albanese dimension and
χ(X,ωX) > 0. One of the following occurs
(1) ϕX is birational;
(2) degϕX = 2 and χ(Z, ωZ) = 0;
(3) ϕX is a birational (Z/2Z)2-cover and Z is birational to AX .
In particular, if deg ϕX ≥ 2, the eventual paracanonical image Z can not be of general type.
The structures of the eventual paracanonical maps in higher dimensions are much more
complicated. One of the reason is that AX could admit many fibrations in higher dimensions
and hence the above decomposition formula becomes quite complicated. Nevertheless, we
manage to understand the eventual paracanonical maps in dimension 3.
Theorem 1.7. Let X be a smooth projetive threefold of maximal Albanese dimension and
χ(X,ωX) > 0. Then
(1) degϕX ≤ 8 and when the equality holds, ϕX is birationally a (Z/2Z)3-cover and Z
is birational to the Abelian threefold AX ;
(2) if χ(Z, ωZ) = χ(X,ωX) > 0 and degϕX ≥ 2, then ϕX is a birational G-cover, where
G = Z/3Z, or Z/2Z, or (Z/2Z)2.
4 Z. JIANG
Note that Theorem 3.7 and Theorem 1.7 answer partially the question raised by Barja,
Pardini, and Stoppino.
Acknowledgements. We thank Miguel A´ngel Barja, Mart´ı Lahoz, and Zhiyu Tian for
useful conversations and comments.
2. Notations and Preliminaries
We work over complex number field C. A projective variety is a reduced irreducible pro-
jective scheme. Let G be a finite group. We call a generically finite morphism f : X → Y
between two smooth varieties a birational G-cover if G is a subgroup of the birational au-
tomorphism group Bir(X) of X and f is birational equivalent to the quotient X 99K X/G.
In other words, f is a birational G-cover if the function field extension C(X)/C(Y ) is a Ga-
lois extension with Galois group G. Note that if f is a birational G-cover, after birational
modifications of X , we may assume that G acts faithfully on X .
Let A be an abelian variety. We will always denote by Â the dual abelian variety Pic0(A).
A morphism a : X → A from a smooth projective variety to an abelian variety is said to
be primitive if for any non-trivial P ∈ Â, a∗P is still non-trivial. The Albanese morphism
aX : X → AX is always primitive. Let AX → B be a fibration between abelian varieties.
The induced morphism X → B is primitive.
We say a is generating if a(X) generates A. Assume Y is a smooth projective variety
and A → AY is an e´tale cover. Then the induced morphism X := Y ×AY A → A may
not be the Albanese morphism of X but is always primitive and generating. In this article,
a morphism to an abelian variety is always primitive and generating, unless otherwise stated.
Let X be a smooth projective variety and let a : X → A be a morphism to an abelian
variety. For a cohorent sheaf Q on X , define h0a(Q) to be dimH
0(X,Q⊗Q) for Q ∈ Pic0(A)
general. In particular, if a is generically finite onto its image, by generic vanishing theory
(see [GL]), h0a(ωX) = χ(X,ωX).
Let f : X → Y be a generically finite and surjective morphism. We denote by deg f or
simply deg(X/Y ) the degree of f . We say that f isminimal if the field extension C(X)/C(Y )
is minimal, namely there is no intermediate field extension between C(X) and C(Y ).
Let f : X → Y be a generically finite and surjective morphism between smooth projective
varieties. Let a : Y → A be a morphism to an abelian variety such that Y is generically
finite onto its image and a ◦ f : X → A is primitive and generating. We call the morphisms
X1
f1
−→ Y1
a1−→ A1 between smooth varieties a sub-representative of X
f
−→ Y
a
−→ A if a1 ◦f1 is a
primitive and generating morphism to the abelian variety A1 and there are generically finite
and surjective morphisms tX : X → X1, tY : Y → Y1 and t : A → A1 with a commutative
diagram:
X
tX

f
// Y
tY

a
// A
t isogeny

X1
f1
// Y1
a1
// A1
(1)
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such that the main component of X1 ×Y1 Y is irreducible and hence dominated by X . We
often says that a1 ◦ f1 is a sub-representative of a ◦ f .
Furthermore, we call a1 ◦ f1 a representative of a ◦ f if X is moreover birational to the
main component of X1 ×Y1 Y .
If χ(X,ωX) > 0, we call a1◦f1 a minimal representative of a◦f if a1◦f1 is a representative
of a◦f , X1 is of general type, and deg(X1/a1 ◦f1(X1)) is minimal among all representatives.
Lemma 2.1. Let a1 ◦ f1 be a sub-representative of a ◦ f as in (1). Consider the canonical
splittings f∗ωX = ωY ⊕Q and f1∗ωX1 = ωY1 ⊕Q1. Then Q1 is a natural sub-sheaf of tY ∗Q.
Proof. We may assume that a1 ◦ f1 is a representative of a ◦ f , otherwise we may replace
X by a smooth model of the main component of X1 ×Y1 Y .
Let Xˆ1 be the normalization of X1 in the Galois hull of C(X1)/C(Y1). after birational
modifications, we assume that Xˆ1 → Y1 is a birational G-cover and Xˆ1 → X1 is a birational
H-cover, where H is a subgroup of G.
Since f1 is a representative, the intersection ofC(X1)∩C(Y ) = C(Y1), as subfields of C(X).
Then by Galois theory, deg(C(Xˆ1)C(X)/C(X)) = deg(C(Xˆ1)/C(X1)). Hence Xˆ1×X1X has
only one main component. Let Xˆ be a smooth model of this main component. Then Xˆ → Y
is a birational G-cover and Xˆ → X is a birational H-cover. We may also assume that G
acts faithfully on Xˆ .
We may replace X and X1 by Xˆ/H and Xˆ1/H respectively and replace Y and Y1 by
Xˆ/G and Xˆ1/G, because these quotients have only finite quotient singularities and hence
have rational singularties. Then we have
Xˆ
g
!!
//
tˆ

X

f
// Y
tY

Xˆ1
h
<<
// X1
f1
// Y1.
Consider the canonical splittings g∗ωXˆ = ωY ⊕ Qˆ and g∗ωXˆ1 = ωY1 ⊕ Qˆ1. Then Qˆ
(resp. Qˆ1) is just the direct sum of the non-trivial representations of the G-sheaf g∗ωXˆ
(resp. g∗ωXˆ1). Hence KXˆ/Xˆ1 gives us a natural inclusion Qˆ1 →֒ tY ∗Qˆ. We then take the
H-invariant part of these two sheaves and get Q1 →֒ tY ∗Q. We finish the proof of this
lemma.

Assume that f : Y → Z is a generically finite and surjective morphism between smooth
varieties, M is a direct summand of f∗ωY , and g : Z → A is a generically finite morphism
onto its image. Recall the decomposition theorem [CJ, Theorem 1.1]:
g∗M = F
M
⊕
pB:AX։B
⊕
i
(p∗BF
M
B,i ⊗QB,i),(2)
where F M is an M-regular sheaf on A, pB : A → B are surjective morphisms between
abelian vareities with connected fibers, F MB,i are M-regular sheaves on B, and QB,i are
torsion line bundles on A.
6 Z. JIANG
We denote by CM the set of quotients pB : A→ B such that some F
M
B,i is nontrivial. If
M = ωZ , we will simply denote by F
Z the M-regular part and similarly FZB,i = F
ωZ
B,i and
CZ = CωZ .
Considering the eventual paracanonical map aX : X
ϕX−−→ Z
g
−→ AX , we always write
ϕX∗ωX = ωZ ⊕Q. Then if χ(X,ωX) = χ(Z, ωZ), we have F
Z = FX and if χ(Z, ωZ) = 0,
we have FZ = 0 and F Q = FX .
For an e´tale cover π : A˜X → AX , we denote by a˜X : X˜
ϕ˜X−−→ Z˜
g˜
−→ A˜X the corresponding
base change. In order to simplify notations, we will still denote by pB the Stein factorization
of A˜X → B.
We always consider the following commutative diagram:
X˜ //

Z˜ //

A˜X
pB

X˜B
a˜B
<<
ϕ˜B
// Z˜B
g˜B
// B,
(3)
where we may assume all varieties are smooth projective after birational modifications,
the vertical morphisms are fibrations, and the horizontal morphisms are generically finite
onto its images.
Recall from [CJ, Lemma 3.7] that, if π∗QC,i is trivial for all pC ∈ CX and i, then
a˜B∗ωX˜B =
⊕
pC∈CX
Ĉ⊂B̂
⊕
i
p∗B,CF
X
C,i = g˜B∗ωZ˜B
⊕
pC∈CQ
Ĉ⊂B̂
⊕
i
p∗B,CF
Q
B,i,(4)
where pB,C : B → C is the natural quotient.
Hence pB ∈ CX if and only if for some finite abelian e´tale cover X˜ → X , χ(X˜B, ωX˜B) > 0.
Similarly, pB ∈ CQ if and only if for some finite abelian e´tale cover X˜ → X , χ(X˜B, ωX˜B) >
χ(Z˜B, ωZ˜B).
Lemma 2.2. Let ϕX : X → Z be the eventual paracanonical map of X. Then after
birational modifications of X and Z, there exists a line bundle L on Z such that L is a
subsheaf of ϕX∗ωX and F
X is naturally a subsheaf of g∗L .
Proof. As above, let X(d) → X be an abelian e´tale cover with Galois group G for d suffi-
ciently large and divisible. Then the complete linear system |KX(d)| defines a G-equivariant
map X(d) → Z(d) →֒ P := P(H0(X(d), KX(d))∗) and G acts on Z(d) freely. Note that
Z = Z(d)/G, hence OP(1) descends to a line bundle L on Z and L is a subsheaf of ϕX∗ωX .
Moreover, since h0(X(d), KX(d)) = h
0(Z(d),OP(1)), we have h
0(X,KX ⊗ P ) = h
0(Z,L ⊗ P )
for P ∈ Pic0(X) general. Thus the image of the continuous evaluation map⊕
Q∈Pic0(AX ) general
H0(Z, ϕX∗ωX ⊗Q)⊗Q
−1 → ϕX∗ωX
is contained in L . Moreover, H0(Z, ϕX∗ωX ⊗ Q) = H
0(AX , aX∗ωX ⊗ Q) for all Q. Hence
the image of of the continuous evaluation map
cX :
⊕
Q∈Pic0(AX) general
H0(AX , aX∗ωX ⊗Q)⊗Q
−1 → aX∗ωX
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is contained in g∗L . By [PP, Proposition 2.13], the image of cX is F
X . Hence FX is
contained in g∗L . 
Corollary 2.3. Assume that the eventual paracanonical map of X factors through a smooth
projective variety Y :
ϕX : X
ϕ1
−→ Y
ϕ2
−→ Z.
Then either χ(X,ωX) = χ(Y, ωY ) > 0 or χ(Y, ωY ) = 0.
Proof. If χ(X,ωX) = χ(Z, ωZ), then we have χ(X,ωX) = χ(Y, ωY ).
We just need to deal with the case χ(Z, ωZ) = 0. We write ϕ1∗ωX = ωY⊕M1 and ϕ2∗ωY =
ωZ ⊕M2. By Lemma 2.2, after birational modifications, there exists a line bundle L on Z
such that L is a subsheaf of ϕX∗ωX = ωZ ⊕ ϕ2∗M1 ⊕M2 and h
0
g(Z,L ) = χ(X,ωX). Note
that since χ(Z, ωZ) = 0, the natural morphism L → ωZ is trivial. If the natural morphism of
sheaves L → ϕ2∗M1 is non-trivial, then χ(Y, ωY ) = h
0
g(Z, ϕ2∗M1) ≥ h
0
g(Z,L ) = χ(X,ωX).
If the morphism L → ϕ2∗M1 is trivial, then L is a subsheaf of M2, then aY ∗ωY , as
a direct summand of aX∗ωX , does not contain any M-regular direct summand. Hence
χ(Y, ωY ) = 0. 
The following corollary gives a sufficient condition for ϕX to be birational.
Corollary 2.4. Let aX : X → AX be the Albanese morphism of a variety of maximal Al-
banese dimension. Let FX be the M-regular part of aX∗ωX . Assume that deg(X/aX(X)) <
2 rankFX , the eventual paracanonical map of X is birational.
Proof. If ϕX is not birational, then aX factors through ϕX . Hence deg(X/aX(X)) ≥
2 deg(Z/aX(X)). By Lemma 2.2, rankF
X ≤ rank g∗L = deg(Z/aX(X)) and we get a
contradiction.

The sets CX and CQ play important a role in the study of ϕX .
Corollary 2.5. Let X be a smooth projective variety of maximal Albanese dimension and
χ(X,ωX) > 0. If degϕX > 1, CX 6= ∅ and hence aX(X) is fibred by tori. If deg ϕX > 2,
CQ 6= ∅.
Proof. By the assumption that degϕX > 1, g∗L is a proper subsheaf of aX∗ωX . By the
above lemma, we conclude that the second part in the decomposition of aX∗ωX is non-trivial,
namely there exists pB : AX → B such that p
∗
BF
X
B ⊗ QB is a direct summand of aX∗ωX .
Thus, CX 6= ∅. Moreover, aX∗ωX is a torsion-free sheaf supported on aX(X). Hence aX(X)
is fibred by the kernel of pB.
Similarly, if degϕX > 2, rankQ > 1. Thus g∗Q is not M-regular and CQ 6= ∅. 
Lemma 2.6. Let AX → B be a non-trivial quotient with connected kernel K and let π :
A˜X → AX be an e´tale cover. Considering the commutative diagram (3), assume that the
induced morphism ϕ˜B : X˜B → Z˜B has degree > 1. Then there exists pB′ ∈ CX such that the
morphism pB′ |K : K → B
′ is an isogeny onto its image. Moreover, if χ(X,ωX) = χ(Z, ωZ),
we can choose pB′ ∈ CQ.
Proof. Since the argument would be the same, we may simply assume that the e´tale cover
π is identity of AX and degϕB > 1.
We then take t ∈ B a general point in the image of ZB, s1, · · · , sm the pre-image of t in
ZB and for each si, we denote by ti1, · · · , tik the pre-image in XB. Note that by assumption
k = degϕB > 1.
8 Z. JIANG
Denote by K the fiber of AX → B over t, Zi the fiber of Z → ZB over si, and Xij the
fiber of X → XB over tij . We will denote by Xij
ϕij
−−→ Zi
gi
−→ K the morphisms between the
fibers. We consider aX∗ωX |K . By base change,
F
X |K ⊕
⊕
pB∈CX
⊕
k
(p∗BF
X
B,k ⊗QB,k) |K = (aX∗ωX) |K(5)
= g∗ωZ |K ⊕g∗Q |K
=
⊕
1≤i≤m
⊕
1≤j≤k
gi∗ϕij∗ωXij .
Since ϕX : X → Z is the eventual paracanonical map of X , after birational modifications
of X and Z, there exists a line bundle L of ϕX∗ωX such that g∗L contains F
X . Then
ϕ∗XL →֒ ωX , we have ϕ
∗
XL |Xij= ϕ
∗
ij(L |Zi) →֒ ωXij on each Xij . In particular, L |Zi →֒
ϕij∗ωXij for each j. Moreover, (g∗L ) |K≃
⊕
1≤i≤m gi∗(L |Zi) by base change.
Thus FX |K →֒
⊕
1≤i≤m gi∗ϕij∗ωXij , for each j.
Note that FX |K is M-regular, we compare the M-regular part of both sides of (5) and
conclude that, for some pB′ ∈ CX , (p
∗
B′F
X
B′,k) |K is M-regular. Then pB′ |K : K → B
′ is an
isogeny onto its image.
Note that if χ(X,ωX) = χ(Z, ωZ), then L = ωZ . Then gi∗ωZi contains a M-regular sheaf
on K. Since degϕB = k > 1, we see that ωZi →֒ Q |Zi. Hence g∗Q |K also contains
non-trivial M-regular part and we can pick pB′ ∈ CQ. 
Corollary 2.7. Assume that degϕX > 1 and χ(X,ωX) = χ(Z, ωZ). For any pB1 ∈ CQ,
there exists pB2 ∈ CQ such that pB1 × pB2 : AX → B1 ×B2 is an isogeny onto its image.
Proof. By the assumption, CQ 6= ∅. We may take an e´tale cover A˜X → AX such that
the pull-back of all QB1,i in (2) is trivial. Let pB1 ∈ CQ. Then we know from (4) that
ϕ˜B : X˜B → Z˜B has degree > 1. Then by Lemma 2.6, there exists pB2 ∈ CQ such that
pB1 × pB2 : AX → B1 ×B2 is an isogeny onto its image. 
Finally, we shall briefly mention the general strategy of this paper.
Remark 2.8. We are interesting about the structure of ϕX . We often take a sufficiently
large and divisible e´tale cover π : A˜X → AX of abelian varieties
1 and consider the base
changes πX : X˜ → X , πZ : Z˜ → Z, and a˜X : X˜
ϕ˜X−−→ Z˜
g˜
−→ A˜X . Then we may and will
assume that π∗QB,i are trivial line bundles for all QB,i appears in the decomposition formula
of aX∗ωX and the morphism ϕ˜X is birational equivalent to the map induced by |KX˜ ⊗ Q|
for Q ∈ ÂX general.
Note that the structure of ϕX is the same as the structure of ϕ˜X , π
∗
ZL →֒ ϕ˜X∗ωX˜ , and
h0g˜(π
∗
ZL ) = χ(X˜, ωX˜). Thus we can focus on the structure of ϕ˜X . The advantage is that, by
(4), Lemma 2.5, Lemma 2.6, and Corollary 2.7, we have several irregular fibrations X˜ → X˜B
with X˜B of general type. The existence of such fibrations together with the assumption that
F X˜ = π∗FX is contained in the sheaf g˜∗(π
∗
ZL ) whose rank is ≤ deg g˜, give very strong
restrictions on the structure of X˜ , Z˜, and ϕ˜X .
1we can take pi to be the md : AX → AX for d sufficiently large and divisible.
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3. Surface case
In this section, we study the eventual paracanonical maps in dimension 2. We already
know by [BPS2] that degϕX ≤ 4 and deg ϕX ≤ 2 if Z is also of general type. We shall first
show that in the latter case, X is always birational to Z.
3.1. Z cannot be of general type.
Proposition 3.1. Let Z be a smooth projective surface of maximal Albanese dimension and
of general type. Let t : X → Z be a generically finite morphism between smooth projective
surfaces and deg t > 1. Assume that χ(X,ωX) = χ(Z, ωZ). Then there exists double covers
Ci → Bi of elliptic curves with involutions τi, where Ci is a smooth projective curve of genus
> 1 and an abelian e´tale cover Z˜ → Z with the induced base change t˜ : X˜ → Z˜ such that
we have the following commutative diagram:
X˜
t˜
//
birational

Z˜
birational

// A˜Z
C˜1 × C2
e´tale

// ˜(C1 × C2)/〈τ1 × τ2〉
e´tale

// A˜Z

C1 × C2 // (C1 × C2)/τ1 × τ2 // B1 × B2,
where the two commutative diagram downstairs are Cartesian.
We will see a different proof of this proposition later, which is quite short (see Remark
3.3 and Remark 3.4) but depends heavily on a previous result in [CDJ]. We insist to write
down this technical proof because it shed some light on higher dimensional cases.
Proof. By [BPS2, Proposition 3.3], deg t = 2.
Let ρ : X
t
−→ Z
aZ−→ AZ be the composition of morphisms and denote t∗ωX = ωZ ⊕Q. We
then have ρ∗ωX = aZ∗ωX ⊕ aZ∗Q. Since χ(X,ωX) = χ(Z, ωZ), aZ∗Q is the direct sum of
pull-back of M-regular sheaves on lower dimensional abelian varieties by the decomposition
(2). We then take an e´tale cover of A˜Z → AZ with induced morphisms
X˜
t˜
−→ Z˜
g˜
−→ A˜Z ,
and the splitting t˜∗ωX˜ = ωZ˜ ⊕ Q˜ such that
g˜∗Q˜ =
⊕
pB :A˜Z→B
p∗BFB.(6)
Claim 3.2. The surface Z˜ does not admit a fibration to a smooth curve C of genus ≥ 2.
Proof of the claim. If the claim is not true, there exists a fibration h1 : Z˜ → C and denote by
h2 : X˜ → C be the induced morphism. Then for Q ∈ Pic
0(AZ) general, we have an inclusion
of vector bundles h1∗(ωZ˜⊗Q) →֒ h2∗(ωX˜⊗Q). Since t˜ is not birational, the two sheaves have
different rank. Moreover, by Fujita’s theorem (see for instance [V2]), both h1∗(ωZ˜/C ⊗ Q)
and h2∗(ωX˜/C⊗Q) are nef. Then by Riemann-Roch, the global sections of these two sheaves
are different. This is a contradiction to the assumption that χ(X,ωX) = χ(Z, ωZ). 
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Hence any B appearing in (6) is an elliptic curve, and for any pB in (6), the induced
morphism Z˜ → B is a fibration over the elliptic curve B. Let X˜
q
−→ X˜B
tB−→ B be the Stein
factorization of the morphism X˜ → B. By (4), we know that tB∗ωX˜B = ωB ⊕FB.
In particular, deg tB ≥ 2. Since deg t˜ = 2 and t˜ factors through X˜ → X˜B ×B Z˜ → Z˜, we
conclude that tB is also a double cover and FB is a line bundle on B.
We denote by m = deg aZ = deg g˜ = rank g˜∗Q˜ > 1. Then we see that there are at least
two fibrations pB1 and pB2 in the decomposition (6). Let Ci = XBi , τi the involutions of
the double covers Ci → Bi, and τ the involution of t˜. Then we have the Z/2Z-equivariant
morphism X˜ → C1 × C2 with the commutative diagram:
X˜

t˜
// Z˜

// A˜Z
π

C1 × C2 // (C1 × C2)/〈τ1 × τ2〉 // B1 × B2.
We claim that C
Q˜
= {pB1 , pB2}. We argue by contradiction. Assume pB3 ∈ CQ˜. Then
we have a double cover C3 → B3 with the corresponding involution τ3. Let C˜1 × C2 and
˜(C1 × C2)/〈τ1 × τ2〉 be respectively the e´tale cover of C1×C2 and (C1×C2)/〈τ1×τ2〉 induced
by π. The induced morphism C˜1 × C2 → B3 is a fibration by [CDJ, Lemma 5.3]. Let X1
be a desingularization of the main component of (C˜1 × C2) ×B3 C3. We shall still denote
by τi the natural lift of τi-action of Ci on X1. Then the natural morphism X˜ → X1 is a
(Z/2Z)-equivaraint morphism with the τ -action on X˜ and the (τ1 × τ2 × τ3)-action on X1.
Obviously, the natural morphism a1 : X1 → A˜Z is a birational G := (Z/2Z)3-cover, where
τ1, τ2, and τ3 are the generator of G. Let χi ∈ G
∗ be the character such that χi(τi) = −1
and χi(τj) = 1 for j 6= i. Let Z1 = X1/〈τ1×τ2×τ3〉 and consider the commutative diagram:
X˜
a˜
""

t˜
// Z˜

g˜
// A˜Z
X1
a1
<<
t1
// Z1
g1
// A˜Z .
Let us write t1∗ωX1 = ωZ1 ⊕ Q1. We have a decomposition a1∗ωX1 =
⊕
χ∈G∗ Lχ as the
eigensheaves of the action of G. For {i, j, k} = {1, 2, 3}, the direct summand p∗BiFBi is τj
and τk invariant, hence it is isomorphic to Lχi . Moreover, the sheaf g1∗ωZ1 is the (τ1×τ2×τ3)-
invariant part and thus
g1∗Q1 = Lχ1 ⊕Lχ2 ⊕Lχ3 ⊕Lχ1χ2χ3 .
We claim that Lχ1χ2χ3 is M-regular on A˜Z . Otherwise, Lχ1χ2χ3 is a line bundle pulled back
from an elliptic curve by the decomposition (6). One the other hand, the sheaf a1∗OX˜ =
H (a1∗ωX˜ ,OA˜Z) is an algebra, whose multiplication is compatible with the G-action. By
considering the multiplication we get that Lχjχk →֒ LχiLχ1χ2χ3 for any {i, j, k} = 1, 2, 3.
Moreover, by the structure of X1, we have Lχjχk = Lχj ⊗ Lχk , for any 1 ≤ j < k ≤ 3.
Hence Lχ1Lχ2Lχ3 →֒ L
⊗3
χ1χ2χ3 , which is a contradiction.
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We then get a contradiction as following. Note that, being respectively the anti-invariant
parts of a˜∗ωX˜ and a1∗ωX1 , g1∗Q →֒ g˜∗Q˜. However, g1∗Q contains the M-regular sheaf
Lχ1χ2χ3 , this is not compatible with (6).
We can now conclude the proof. As C
Q˜
= {pB1 , pB2}. We see by (6) that deg aZ =
deg g˜ = 2. Hence Z˜ is birational to the e´tale cover of (C1 ×C2)/〈τ1 × τ2〉 induced by π and
similarly X˜ is birational to the e´tale cover of C1 × C2 induced by π. 
Remark 3.3. Assume that t : X → Z is a generically finite and surjective morphism of
degree > 1 between smooth varieties of maximal Albanese dimension. Then the hypothesis
that χ(X,ωX) = χ(Z, ωZ) > 0 is related to varieties Y of general type, of maximal Albanese
dimension, and of χ(Y, ωY ) = 0, which have been studied in [CDJ, CJ].
Indeed, assume moreover that t is a birational G-cover and we have a G-cover s : C → E
from a smooth curve of genus ≥ 2 to an elliptic curve. Write t∗ωX = ωZ ⊕Q1 and s∗ωC =
OE ⊕Q2. Note that,by the assumption that χ(X,ωX) = χ(Z, ωZ), aZ∗Q1 has no M-regular
direct summand.
Let Y be a smooth model of the diagonal quotient (X × C)/G. We claim that
Y is of general type, of maximal Albanese dimension, and χ(Y, ωY ) = 0.
Consider the following commutative diagram
Y
ǫ

ϕ
++❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱
X × C //
ρ
55
(X × C)/G // Z × E
aZ×idE
// AZ × E.
Since (X × C)/G has quotient singularities, ǫ∗ωY = ω(X×C)/G. Hence
ϕ∗ωY = (ρ∗ωX×C)
G = (aZ × IdE)∗ωZ×E
⊕
(aZ∗Q1 ⊠Q2)
G.
We then deduce that the M-regular part F Y = 0. Hence χ(Y, ωY ) = 0. Moreover, Y has
a fibration to Z, whose general fiber is C. Iitaka’s Cnm conjecture about subadditivity of
Kodaira dimensions is solved when the base is general type (see [V1]). Thus Y is also of
general type and we finish the proof of the claim.
Remark 3.4. We can apply this observation to give a short proof of Proposition 3.1.
Indeed, under the assumption of Proposition 3.1, t is a birational Z/2Z-cover. We then
take a bi-eliptic curve C → E with g(C) ≥ 2 and let Y be a smooth model of the diagonal
quotient (X ×C)/(Z/2Z). As we have seen that Y is of general type, of maximal Albanese
dimension, and χ(Y, ωY ) = 0. By the main result of [CDJ], we know that a finite abelian
e´tale cover of Y is birational to an Ein-Lazarsfeld threefold (C1 × C2 × C3)/〈τ1 × τ2 × τ3〉,
where Ci are bi-elliptic curves with bi-elliptic involution τi. It is then easy to check that a
finite abelian e´tale cover of X (resp. Z) is birational to Ci × Cj (resp. (Ci × Cj)/〈τi × τj〉)
for some i, j ∈ {1, 2, 3}.
Proposition 3.5. Assume that dimX = 2, then either ϕX is birational or χ(Z, ωZ) = 0.
Proof. We just need to prove that if χ(X,ωX) = χ(Z, ωZ) > 0, ϕX is birational. We argue
by contradiction.
Assume that ϕX : X → Z is the eventual paracanonical map, degϕX > 1, and χ(X,ωX) =
χ(Z, ωZ) > 0. Then dim |KX⊗Q| = dim |KZ⊗Q| forQ ∈ Pic
0(AX) general and the eventual
paracanonical map of Z is birational.
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On the other hand, we apply Proposition 3.1 to conclude that g : Z → AX is of degree 2.
By [BPS2, Lemma 5.1], the eventual paracanonical map of Z is birational equivalent to g,
which is a contradiction. 
3.2. Complete descriptions of ϕX of surfaces. Barja, Pardini, Stoppino constructed
surfaces X such that deg ϕX = 2 or 4. We will show in the following that degϕ = 3 can
never happen and the structure of ϕX is quite restrictive when degϕX = 4.
Lemma 3.6. Let X be a surface. If degϕX > 2, g is birational.
Proof. If κ(Z) = 0, then Z is birational to an abelian surface and we may assume that Z is
an abelian surface. By the universal property of aX , we conclude that Z ≃ AX and g is an
isomorphism. By Proposition 3.5, κ(Z) ≤ 1. Hence we just need to rule out the case that
κ(Z) = 1. We argue by contradiction. Assume that degϕX > 2 and κ(Z) = 1. We may
assume that Z is minimal. In this case, we can take a finite abelian e´tale cover π : Z˜ → Z
such that Z˜ is a smooth elliptic fibration over a genus ≥ 2 curve C and Z˜ is embedded in
AZ˜ . Let X˜ := X ×Z Z˜ be the induced e´tale cover. Note that, since aX factors through ϕX ,
X˜ is connected and deg(X˜/Z˜) = degϕX > 2.
We then consider the commutative diagram:
X˜
f
!!
qC′

ϕ˜X
// Z˜
qC



// AZ˜

C ′
t
// C 

// JC,
where qC′ is the Stein factorization of X˜ → C. We denote by k = deg ϕX = deg ϕ˜X .
We consider ϕ˜X∗ωX˜ = ωZ˜ ⊕ M . Let L be the torsion-free rank 1 sheaf in Lemma 2.2.
Then π∗L →֒ ϕ˜X∗ωX˜ . Since κ(Z˜) = 1, we have π
∗L →֒ M . Moreover, since π is an e´tale
cover,
χ(X˜, ωX˜) = h
0
a
Z˜
(π∗L ).(7)
We then apply the decomposition theorem to f∗ωX˜ = ϕ˜X∗ωX˜ . By (7), we conclude that
π∗L = F X˜ is the M-regular part of f∗ωX˜ . Since rankM = k − 1 > 1, we conclude that
M = L ⊕M ′, where M ′ 6= 0 is not M-regular.
Note that M ′ is supported on Z˜ and hence after further abelian e´tale cover of Z˜, we
may write M ′ = q∗CMC . By Kolla´r’s theorem [K1, Proposition 7.6], ωC′ = R
1qC′∗ωX˜ . Then
t∗ωC′ = t∗R
1qC′∗ωX˜ = R
1qC∗ϕ˜X∗ωX˜ ⊇ ωC ⊕ MC. Thus deg t ≥ k − 1. On the other
hand, X˜ is of general type, hence a general fiber of qC′ is a curve of genus ≥ 2. Thus
k = deg ϕ˜X ≥ 2 deg t ≥ 2(k − 1) and hence k ≤ 2, which is a contradiction.

Theorem 3.7. Let X be a surface such that the eventual paracanonical ϕX is not birational.
Then either degϕX = 2 and Z can be any surface of maximal Albanese dimension with
0 ≤ κ(Z) ≤ 1 or ϕX is a birational (Z/2Z)2-cover, Z is birational to AX , and an e´tale cover
of X is birational to a product of two bielliptic curves.
Proof. In [BPS2, Example 5.2], the authors prove that every variety of maximal Albanese
dimension Z with χ(Z, ωZ) = 0 occurs as the eventual paracanonical image for some X
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with degϕX = 2. Note that for surfaces Z of maximal Albanese dimension, χ(Z, ωZ) = 0 is
equivalent to say that 0 ≤ κ(Z) ≤ 1.
We see in Lemma 3.6 that if deg ϕX = 3 or 4, then κ(Z) = 0 and hence we may assume
in these cases that Z = AX . We then apply the decomposition theorem and note that in
this case FX = L :
aX∗ωX = OAX ⊕L ⊕M ,
where M is the direct sum of the direct summands which are not M-regular.
If deg ϕX = 3, then rankM = 1. Hence M can be wrote as p
∗
BLB ⊗ QB for some line
bundle LB on an elliptic curve B. Then after an e´tale cover A˜X → AX , the base-change
X˜ := X×AX X˜ has a fibration X˜ → ZB → B such that deg(ZB/B) = 2. This is impossible.
Hence degϕX = 3 can never happen.
If degϕX = 4, we argue that M is the direct sum of two direct summands (p
∗
BLB⊗QB)⊕
(p∗CLC⊗QC). Otherwise, M = p
∗
BFB⊗QB or M = (p
∗
BLB⊗Q1)⊕ (p
∗
BL
′
B⊗Q2). In both
cases, after an e´tale cover of AX , the induced e´tale cover X˜ of X admits a Stein factorization
X˜ → ZB → B such that deg(ZB/B) = 3 and this is a contradiction. Hence there are two
fibrations pB : AX → B and pC : AX → C and M = (p
∗
BLB ⊗ QB) ⊕ (p
∗
CLC ⊗ QC) and
it is easy to see that ϕX is a birational (Z/2Z)2-cover and can be constructed exactly the
same way as in [BPS2, Example 5.4]. In particular, an e´tale cover of X is birational to a
product of two bielliptic curves. 
3.3. Variations of the eventual paracanonical maps of surfaces. Let a : S → A be a
primitive and generating morphism from a smooth projective surface S to an abelian variety.
We assume that a is generically finite onto its image and consider the eventual map ϕKS ,a
of KS with respect to a. We have already see that ϕKS,a : S → ZKS,a factors birationally
through ϕS.
Note that [BPS2, Corollary 3.2 and Proposition 3.3] works also for general ϕKS ,a. Hence
deg ϕKS,a ≤ 4 and degϕKS ,a ≤ 2 if ZKS ,a is of general type. Moreover, we also have the
decomposition theorem for a∗ωS, hence the same arguments in Proposition 3.5 and Theorem
3.7 prove actually a variation of Theorem 3.7.
Theorem 3.8. Let a : S → A be a generically finite morphism from a smooth surface
of general type to an abelian variety. Assume that a is primitive and generating, then
the eventual paracanonical map ϕKS ,a is birational, or is a birational double cover or is a
birational bidouble cover. If deg ϕKS ,a > 1, ZKS ,a can not be of general type. If degϕKS ,a = 4,
ϕKS ,a is a birational (Z/2Z)
2-cover and an e´tale cover of S is birational to the product of
two bielliptic curves.
4. Higher dimensions
In the surface case, the bounds degϕX ≤ 4 and deg ϕX ≤ 2 when χ(X,ωX) = χ(Z, ωZ) are
deduced from Miyaoka-Yau inequality 9χ(X,ωX) ≥ vol(X). These bounds are important
for the complete classifications of ϕX as we have seen in the proof of Proposition 3.1 and
Theorem 3.7.
Unfortunately, we do not have such inequalities in higher dimensions. In this section, we
will apply the generic vanishing theory to get an effective bound of the eventual paracanon-
ical maps of threefolds.
Definition 4.1. (1) Let X be a smooth projective variety. We define
q˜(X) = Sup{q(X˜) | X˜
finite abelian e´tale
−−−−−−−−−−→ X}.
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(2) We say that a smooth variety X of maximal Albanese dimension satisfies property
C1 if there exists pB ∈ CX such that dimXB = 1.
Remark 4.2. If X is a smooth variety of maximal Albanese dimension and q˜(X) = dimX ,
then for any finite e´tale cover A˜X → AX , the induced morphism X˜ → A˜X is the Albanese
morphism of X˜ .
By the decomposition theorem, property C1 for X is equivalent to one of the following:
• there exists a direct summand p∗BF
X
B,i⊗QB,i of aX∗ωX such that dimSuppF
X
B,i = 1;
• For some abelian e´tale cover X˜ of X , the corresponding X˜B is a smooth curve of
genus ≥ 2.
In particular, if X satisfies C1, then q˜(X) =∞.
The proof of Theorem 1.7 is lengthy and can be roughly divided to the following cases:
(1) The easiest case is that q˜(Z) > 3. In this case, we essentially reduce the problem
to surface or curve cases. Note that if κ(Z) = 1, then Z satisfies property C1 and
hence q˜(Z) > 3.
(2) We then assume that q˜(X) = 3 and X satisfies property C1. In this case, we will
deduce a bound of ϕX when κ(Z) = 2 or 3.
(3) We then assume that X does not satisfy C1 and q˜(Z) = 3. Here, the case that
χ(X,ωX) = χ(Z, ωZ) > 0 is particularly interesting. Theorem 4.11 will be the
threefold version of Theorem 3.1 and Examples 4.16 and 4.17 show some new features
of ϕX in higher dimensions. We will complete the discussions about the case that
κ(Z) = 2 or 3.
(4) Finally we prove that ϕX ≤ 8 and the equality holds only when κ(Z) = 0 and ϕX is
a birational (Z/2Z)3-cover.
In this section, we will always take π : A˜X → AX a sufficiently large e´tale cover so that
we are in the situation of Remark 2.8.
4.1. Case 1. Assume that q˜(Z) > 3. In this case, as π : A˜X → AX is a sufficiently large
e´tale cover, aZ˜(Z˜) is a proper subvariety of AZ˜ . Note that Z always satisfies this assumption
if κ(Z) = 1.
We denote by V the image of aZ˜(Z˜). Then κ(V ) > 0 and by the same argument in
Corollary 2.5, V is fibred by tori and hence κ(V ) = 1 or 2.
Hence, we consider the commutative diagram:
X˜
''◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
ϕ˜X
// Z˜

❃❃
❃❃
❃❃
❃❃
❃
t
// // V
q



// AZ˜

VB


// B,
where AZ˜ → B is the quotient such that the induced morphism V → VB is the Iitaka
fibration of V and VB is a subvariety of B of general type.
Recall that π∗ZL →֒ ϕ˜X∗ωX˜ and h
0
a
Z˜
(π∗ZL ) = χ(Z˜, ϕ˜X∗ωX˜).
Lemma 4.3. In the above setting, let s ∈ VB be a general point and let X˜s and Z˜s be the
connected fiber of X˜ and Z˜ over s, then for Q ∈ Pic0(AZ˜) general, we have h
0(Z˜s,L |Z˜s
⊗Q) = h0(X˜s, ωX˜s ⊗Q) and degϕX = deg ϕ˜X = deg(X˜s/Z˜s).
SOME RESULTS ON THE EVENTUAL PARACANONICAL MAPS 15
Proof. Apply the decomposition theorem in this case, we write t∗ϕ˜X∗ωX˜ = t∗(ωZ˜ ⊕ Q˜) =
F X˜ ⊕ F , where F X˜ is the M-regular part and F is the direct sum of the pull-back of
M-regular sheaves on lower dimension abelian varieties. Since h0a
Z˜
(π∗ZL ) = χ(Z˜, ϕ˜X∗ωX˜),
we know that t∗π
∗
ZL →֒ t∗ϕ˜X∗ωX˜ contains F
X˜ . On the other hand, F is supported on V
and since VB is of general type, each component of the support of F dominates B. Thus
there exist AZ˜
pi−→ Bi → B such that F = ⊕ip
∗
iFi, where pi are quotient with positive
dimensional fibers between abelian varieties and Fi are M-regular sheaves on Bi.
Thus q∗(F ⊗Q) = 0 for Q ∈ Pic
0(AZ˜) general. Hence q∗(t∗ϕ˜X∗ωX˜ ⊗Q) = q∗(F
X˜ ⊗Q).
Moreover, F X˜ →֒ t∗π
∗
ZL and π
∗
ZL →֒ ϕ˜X∗ωX˜ , hence q∗(t∗ϕ˜X∗ωX˜ ⊗Q) = q∗(t∗π
∗
ZL ⊗Q).
Thus we have h0(Z˜s, π
∗
ZL |Z˜s ⊗Q) = h
0(X˜s, ωX˜s ⊗Q) and deg ϕ˜X = deg(X˜s/Z˜s). 
Proposition 4.4. In Case 1, degϕX ≤ 4.
Proof. Let K be the fiber of AZ˜ → B. Let X˜s → Z˜s → Ks be the natural morphisms.
If dimVB = 1, by Lemma 4.3, h
0(X˜s, ωX˜s ⊗ Q) = h
0(Z˜s, π
∗
ZL |Z˜s ⊗Q) and deg ϕ˜X =
deg(X˜s/Z˜s). Moreover, by the Severi inequality [BPS1, Theorem E], vol(π
∗
ZL |Z˜s) ≥
2h0a
Z˜
(π∗ZL |Z˜s) = 2χ(X˜s, ωX˜s). On other other hand, π
∗
ZL |Z˜s →֒ (ϕ˜X |X˜s)∗(ωX˜s). Hence
(ϕ˜X |X˜s)
∗(π∗ZL |Z˜s) →֒ ωX˜s and thus
vol(X˜s) ≥ deg(X˜s/Z˜s) vol(π
∗
ZL |Z˜s) ≥ 2(deg ϕ˜X)h
0
aX
(ωX˜s) = 2(deg ϕ˜X)χ(X˜s, ωX˜s).
By Miyaoka-Yao inequality, 9χ(X˜s, ωX˜s) ≥ vol(X˜s), we conclude that deg ϕX = deg ϕ˜X ≤ 4.
If dim VB = 2, by the same argument, we have degϕX ≤ 2. 
In the following cases, we will always assume that dim q˜(Z) = 3 and hence aZ and aX are
surjective. In particular, κ(Z) = 0, or 2, or 3.
4.2. Case 2. In this subsection, we assume that q˜(Z) = 3 and X satisfies C1. Let pB ∈ CX
such that dimXB = 1. Note that XB ≃ B. Otherwise g(XB) ≥ 2 and hence aX(X)
dominates XB and hence so does Z, which contradicts the assumption that q˜(Z) = 3. We
apply the strategy in Remark 2.8. Let π : A˜X → AX be a sufficiently large isogeny. Denote
by G the Galois group of π. Then G is an abelian group and is also the Galois group of πX
and πZ . Let C := X˜B.
Then from the commutative diagram
X˜ //

X

C
ǫ
// B,
we see that the induce morphism C := X˜B → B is also an abelian cover with Galois group
G1, which is naturally a quotient group of G.
Let Zˆ be a smooth model of the main component of C×BZ˜. After birational modifications,
we then have
ϕ˜X : X˜
ϕ1
−→ Zˆ
ϕ2
−→ Z˜,
where ϕ2 is a birational G1-cover.
Lemma 4.5. If Zˆ is of general type, then deg ϕ1 ≤ 2. The equality holds only if for c ∈ C
general, ϕ1 |X˜c : X˜c → Zˆc is as in Proposition 3.1, where X˜c and Zˆc are respectively the fibers
of X˜ and Z over c.
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Proof. Note that both X˜ and Zˆ have a fibration to C. Since Zˆ is of general type, by
Corollary 2.3 and the structure of Ein-Lazarsfeld threefold (see Remark 3.4), χ(X˜, ωX˜) =
χ(Zˆ, ωZˆ) > 0.
Let h1 : X˜ → C and h2 : Zˆ → C be the natural fibrations. Then for Q ∈ ÂX general, we
have
h0(C, h1∗(ωX˜ ⊗Q)) = χ(X˜, ωX˜) = χ(Zˆ, ωZˆ) = h
0(C, h2∗(ωZˆ ⊗Q)).
By Fujita’s theorem on the nefness of h1∗(ωX˜/C ⊗ Q) and h2∗(ωXˆ/C ⊗ Q) and Riemann-
Roch, we conclude that rankh1∗(ωX˜/C ⊗ Q) = rankh2∗(ωXˆ/C ⊗ Q). Hence χ(X˜c, ωX˜c) =
χ(Zˆc, ωZˆc) and hence by Proposition 3.1, degϕ1 ≤ 2. 
Lemma 4.6. Under the setting of Lemma 4.5, for any quotient pB′ ∈ CX such that pB×pB′
is an isogeny, the map of X˜B′ induced by the linear system |KX˜B′ ⊗ Q| for Q ∈ B̂
′, factors
through the induced morphism X˜B′ → Z˜B′ and hence the latter is either birational, or is a
birational G-cover, where G = Z/2Z or (Z/2Z)2.
Proof. Since pB′ ∈ CX , X˜B′ is of general type. Under the assumption, X˜ → C × X˜B′ is a
generically finite morphism. Let D ∈ |KC⊗P | for some general P ∈ B̂. Then D+|KX˜B′⊗Q|
is a sub-linear system of |KX˜ ⊗ P ⊗Q|.
As P ⊗ Q ∈ Pic0(A˜X) is general, ϕ˜X is birationally equivalent to the map induced by
|KX˜ ⊗ P ⊗ Q|. Hence the map induced by |KX˜B′ ⊗ Q| factors birationally through the
morphism X˜B′ → Z˜B′ . Since π is large enough and sufficiently divisible, we may assume
that the map induced by |KX˜B′ ⊗ Q| is the eventual paracanonical map ϕKX˜B′ ,a
′ for the
morphism a′ : X˜B′ → B
′. We have seen in Theorem 3.7 and Theorem 3.8 that ϕa′ is either
birational, or is a birational G-cover with G = Z/2Z or (Z/2Z)2. 
We will need a refined version of Lemma 2.1.
Lemma 4.7. Assume that we have a commutative diagram
X˜
ϕ˜X
//
tX

Z˜
tZ

g˜
// A˜X

X1
f1
// Z1
g1
// A1
such that g1 ◦ f1 is a sub-representative of g˜ ◦ ϕ˜X . Assume that χ(X˜, ωX˜) = χ(Z˜, ωZ˜) and
that f1 is a birational H-cover. Then there exists at most one irreducible character χ of H
such that χ(Z1, (f1∗ωX1)
χ) 6= 0.
Proof. By Corollary 2.3, we may replace X˜ by a smooth model of the main component of
X1 ×Z1 Z˜ and assume that ϕ˜X is also a birational H-cover. We may assume that π
∗
ZL →֒
(ϕ˜X∗ωX˜)
χ. Then the M-regular part of a˜X∗ωX˜ is contained in (a˜X∗ωX˜)
χ. Because
a˜X∗ωX˜ =
⊕
τ∈Char(H)
(a˜X∗ωX˜)
τ ,
for any other character ρ 6= χ, χ(Z˜, (a˜X∗ωX˜)
ρ) = 0. By the same argument in the proof of
Lemma 2.1, (f1∗ωX1)
ρ →֒ tZ∗(ϕ˜X∗ωX˜)
ρ. Hence for all ρ 6= χ, χ(Z1, (f1∗ωX1)
ρ) = 0. 
Proposition 4.8. In case 2, if moreover κ(Z) = 2, then degϕX ≤ 4.
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Proof. Since κ(Z) = 2, we may assume that Z → ZB1 is the Iitaka fibration of Z for some
pB1 ∈ CZ (see for instance [Kaw, Theorem 13]). Note that, since q˜(Z) = 3, dimB1 = 2.
Moreover, Z˜B1 is of general type.
There are two cases: either pB1 × pB : AX → B1 × B is an isogeny or pB1 dominates pB
for any pB ∈ CX with dimB = 1.
In the first case, the natural morphism Zˆ → C × Z˜B1 is generically finite and surjective
and hence Zˆ is of general type and we may apply Lemma 4.5. It suffices to show that
deg ϕ2 = |G| = 2. The natural morphisms C × Z˜B1
f1
−→ B × Z˜B1 → B × B1 is a sub-
representative of g˜ ◦ϕ2. Moreover, f1 is a birational G-cover and as C → B is so and Z˜B1 is
of general type, for any χ ∈ G∗ non-trivial, χ(B× Z˜B1 , (f1∗ωC×Z˜B1
)χ) 6= 0. Thus, by Lemma
4.7, G = Z/2Z.
The second case is more difficult. We may assume that Z˜ ≃ S×E and A˜X = AZ˜ ≃ AS×E,
where E is an elliptic curve and S is a surface of general type. Then pB1 is the natural
projection AS ×E → AS.
We apply Lemma 2.6 to ϕ˜X and conclude that there exists pB′ ∈ CX such that A˜X →
B × B′ is an isogeny. Let S ′ := X˜B′ be the surface of general type. Since Z˜ ≃ S × E and
Z˜ does not have fibrations to smooth projective curves of genus ≥ 2, Z˜B′ = B
′. By Lemma
4.6, the induced morphism t : S ′ → B′ is the eventual paracanonical map of S ′ → B′. We
claim that t is a birational double cover. Otherwise, by Lemma 4.6, this morphism is a
birational bidouble cover. But in this case, we see from Theorem 3.8 that S ′ is birational
to a product of curves. This is a contradiction to the assumption that pB1 dominates pB for
any pB ∈ CX with dimB = 1.
Note that C × S ′ → B × B′ is primitive. We consider the natural morphisms
C × S ′
f1
−→ B ×B′
Identity
−−−−→ B × B′.(8)
We claim that (8) is a sub-representative of g˜◦ϕ˜X . It suffices to prove that (C×S
′)×B×B′ Z˜
has an irreducible main component. Note that Zˆ, which is a smooth model of C ×B Z˜, is
birational to S1 × E, where S1 is a smooth model of C ×B S. In particular, ZˆB′ is not of
general type. Moreover, S ′ = X˜B′ → B
′ is a birational double cover. Thus ZˆB′ = B
′ and
hence Zˆ → B′ is a fibration and S ′×B′ Zˆ has an irreducible main component and we finish
the proof of the claim.
By Lemma 4.7, we then conclude that G1 = Z/2Z.
Let X ′ be a smooth model of the main component of (C × S ′)×B×B′ Z˜. It just suffices
to show that the natural map X˜ → X ′ is birational to finish the proof of the second case.
We have a commutative diagram
X˜
h1   ❆
❆❆
❆❆
❆❆
❆
// X ′
h2

// S
h3⑦⑦
⑦⑦
⑦⑦
⑦⑦
C.
Moreover, X ′ is of general type, so χ(X ′, ωX′) > 0 and hence by Corollary 2.3, χ(X˜, ωX˜) =
χ(X ′, ωX′). We apply the argument as in Lemma 4.5. For c ∈ C general, χ(X˜c, ωX˜c) =
χ(X ′c, ωX′c). Then X˜c → X
′
c is either birational or is as in Proposition 3.1. In particular,
q(X ′c) = 2. However, X
′
c admits a surjective morphism to the fiber Sc of h3, which is a curve
of genus ≥ 2, which is a contradiction. 
18 Z. JIANG
Proposition 4.9. In case 2, if κ(Z) = 3, then degϕX ≤ 4.
Proof. We again have two cases: either χ(Z, ωZ) > 0 or χ(Z, ωZ) = 0.
In both cases, we can apply Lemma 4.5 and just need to show that the Galois group G1
of ϕ2 is Z/2Z.
In the first case, we consider Zˆ
ϕ2
−→ Z˜
g˜
−→ A˜X . Write ϕ2∗ωZˆ = ωZ˜ ⊕ Q2. By Lemma
2.6 and Corollary 2.7, there exists pB1 ∈ CQ2 such that pB × pB1 : A˜X → B × B1 is
an isogeny. Since pB1 ∈ CQ, the induced morphism ZˆB1 → Z˜B1 has degree > 1 and
χ(ZˆB1 , ωZˆB1
) > χ(Z˜B1, ωZ˜B1
). Moreover, as ϕ2 is a birational G1-cover, ZˆB1 → Z˜B1 is also a
birational abelian cover whose Galois group H , which is a quotient group of G1.
We claim that G1 = Z/2Z. Since χ(ZˆB1 , ωZˆB1 ) > χ(Z˜B1 , ωZ˜B1 ), for the morphism ψ :
ZˆB1 → Z˜B1 , there exists a character χ ∈ H
∗ such that the eigensheaf Lχ of the sheave
ψ∗ωZˆB1
has χ(Z˜B1 ,Lχ) > 0. Assume that G1 6= Z/2Z, there exists a non-trivial character
χ′ of G1 such that χχ
′ is a non-trivial character of G1. We then consider the diagonal
quotient C × ZˆB1 → (C × ZˆB1)/G1. Let Lχ′ be the corresponding character sheaf of ǫ∗ωC
on B. Then χ(C×ZˆB1 , ωC×ZˆB1
)−χ((C×ZˆB1)/G1, ω(C×ZˆB1)/G1
) ≥ χ(B×Z˜B1 ,Lχ′⊠Lχ) > 0.
We note that the morphisms C × ZˆB1 → (C × ZˆB1)/G1 → B × B1 is a representative of
g˜ ◦ ϕ2. But χ(Zˆ, ωZˆ) = χ(Z˜, ωZ˜), which is a contradiction to Lemma 2.1.
In the second case, we may assume that Z˜ is an Ein-Lazarsfeld threefold. By the structure
of an Ein-Lazarsfeld threefold, there exists pB′ ∈ CZ such that pB × pB′ : A˜X → B × B
′ is
an isogeny and Z˜B′ is a surface of general type. The natural morphisms X1 := C × Z˜B′
f1
−→
Z1 := B × Z˜B′ → B × B
′ is then a representative of g˜ ◦ ϕ2. For any non-trivial character
χ ∈ G∗1, let Lχ be the eigensheaf of f1∗ωX1 . Then it is easy to see that χ(Z1,Lχ) > 0. Then
by Lemma 4.7 G1 should have only one non-trivial character. Hence G1 = Z/2Z. 
4.3. Case 3. We now assume that X does not satisfy C1 and q˜(Z) = 3. In order to simplify
notations, we shall replace X˜ (resp. Z˜) by X and Z. Hence no torsion line bundles appear
in the decomposition formula of aX∗ωX .
We will first deal with the case χ(X,ωX) = χ(Z, ωZ) > 0. Then by Lemma 2.6, |CQ| ≥ 2.
Assume that pB1, pB2 ∈ CQ ⊂ CX . Let Ê be the neutral component of B̂1 ∩ B̂2. Let Y be a
smooth model of the main component of XB1 ×E XB2 .
Lemma 4.10. The natural morphism γ : Y → B1 ×E B2 is primitive.
Proof. In case 3, for any pB ∈ CX , dimB = 2. Moreover, for any pB ∈ C , let q : B → E be
a fibration to an elliptic curve. We consider the commutative diagram:
XB
tB
//
h
!!❈
❈❈
❈❈
❈❈
❈
B
q

E.
Let F be a general fiber of h. We claim that if t∗BQ |F is trivial for some Q ∈ B̂, then Q ∈ Ê.
Otherwise, L = R1h∗(ωXB ⊗ Q) is a non-trivial nef line bundle on E. If L is ample, then
V 0(L) = Ê. We then conclude by Kolla´r’s splitting that Q+ Ê is a component of V 2(ωX).
Then by the main theorem of [CJ], we conclude that pE : AX → E belongs to CX , which is a
contradiction to the assumption. If L is numerically trivial, then h2(XB, ωXB ⊗Q⊗L
−1) ≥
h1(E,R1h∗(ωXB ⊗Q)⊗ L
−1) = 1 and hence Q = L ∈ Ê.
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Let Q ∈ Pic0(B1×E B2) such that γ
∗Q = OY . We consider the exact sequence of abelian
varieties
0→ Ê → B̂1 × B̂2 → Pic
0(B1 ×E B2)→ 0,
and let Qi ∈ B̂i such that Q1 ⊗Q2 |B1×EB2≃ Q.
Note that a general fiber Ye of Y → E is birational to F1×F2, where Fi is a general fiber
of hi : XBi → E. Thus γ
∗Q |Fe is trivial implies that t
∗
Bi
Qi |Fi is trivial for i = 1, 2. From
the above claim, we conclude that Qi ∈ Ê, for i = 1, 2. Hence Q is trivial. 
The following theorem is the analogue of Theorem 3.1 in dimension 3 and is probably the
most difficult result in this article. The setting is slightly different.
Theorem 4.11. Let X be a smooth threefold of maximal Albanese dimension with q˜(X) = 3
and χ(X,ωX) > 0. Assume that the Albanese morphism of X factors as
aX : X
ϕ
−→ Z
g
−→ AX ,
where ϕ is a morphism of degree ≥ 2 between smooth projective varieties and χ(X,ωX) =
χ(Z, ωZ) > 0. Then we have the following possibilities:
(A) aX is a birational (Z/3Z)2-cover, ϕ is a birational Z/3Z-cover, and ϕX is birationally
equivalent to ϕ;
(B) aX is a birational (Z/2Z)2-cover, ϕ is a birational double cover, and ϕX is bira-
tionally equivalent to aX ;
(C) aX is a birational (Z/2Z)3-cover and there are several sub-cases:
(C1) ϕ is a birational double cover, rankFX = 3, and ϕX is a birationally equivalent
to ϕ;
(C2) ϕ is a birational double cover, rankFX = 2, and ϕX , which factors through ϕ,
is a birational (Z/2Z)2-cover;
(C3) ϕ is a birational double cover, rankFX = 1, and ϕX is a birationally equivalent
to aX ;
(C4) ϕ is a birational (Z/2Z)2-cover, rankFX = 1, and ϕX is a birationally equiva-
lent to aX ;
Proof. Let ϕ∗ωX = ωZ ⊕Q be the canonical splitting.
For any varieties Z ′ such that C(Z ′) is a intermediate field extension between C(X)/C(Z),
we can take birational modifications ofX and Z ′ such that ϕ factors as X
ϕ′
−→ Z ′ → Z. Then
we also have χ(X,ωX) = χ(Z
′, ωZ′). If we assume that ϕ
′ is minimal and prove Theorem
4.11 for ϕ′, then we are in Cases (A), (B), (C1), (C2) and (C3) and, from the structure of
aX , the only possible case that Z
′ is not birational to Z is (C3). In this situation, ϕ should
be the Case (C4).
From the above discussion, we just need to deal the case that ϕ is minimal and we shall
always assume that ϕ is minimal. In particular, for any pB ∈ CQ, X is birational to the
main component of XB ×ZB Z.
Step 1 We claim that |CQ| ≥ 3 or deg ϕ = deg g = 2.
Let k = degϕ and m = deg g. By the decomposition theorem,
aX∗ωX = g∗ωZ
⊕
pB∈CQ
p∗BF
Q
B .
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We compare the rank of the sheaves on both side and get km = m +
∑
pB∈CQ
rankF QB .
Note that for any pB ∈ CQ, deg(XB/ZB) = k by the minimality of ϕ.
As dimB = 2, for each pB ∈ CX , there exit no inclusion relations among these B̂. Hence,
by (4), if pB ∈ CQ, aB∗ωXB = gB∗ωZB ⊕F
Q
B and hence
1 + rankFZB + rankF
Q
B
= deg(XB/B)
= k deg(ZB/B) = k × (1 + rankF
Z
B ).
We then conclude that rankF QB = (k − 1)(1 + rankF
Z
B ) and
m =
∑
pB∈CQ
(1 + rankFZB ).(9)
By Corollary 2.7, we pick pB1 and pB2 two fibrations in CQ and let Y be as in Lemma
4.10.
Then Y ×B1×EB2 AX is connected and aX factors as X → Y
′ := Y ×B1×EB2 AX → AX .
Compare the degree of the morphisms to AX , we get
km = deg aX ≥ deg(Y
′/AX) = k
2(1 + rankFZB1)(1 + rankF
Z
B2
).(10)
Hence |CQ| ≥ 3 or k = m = 2. In particular, k ≥ 3 implies that |CQ| ≥ 3.
Step 2 Construct a representative of g ◦ ϕ from any two pB1, pB2 ∈ CQ.
LetX ′B be the normalization ofXB in the Galois closure of the extension of C(XB)/C(ZB).
Let GB be the Galois group of C(X ′B)/C(ZB) and HB ⊂ GB be the Galois group of
C(X ′B)/C(XB). After birational modifications, we may assume that GB acts on X
′
B and
hence XB is birational to X
′
B/HB and ZB is birational to XB/GB.
Let X ′ be a smooth model of the main component of the fiber product X ×XB X
′
B and
we may assume that G acts on X ′. Then C(X ′)/C(Z) is the Galois closure of C(X)/C(Z).
Hence all GB are isomorphic to a fixed group G and all HB are isomorphic to a subgroup
H of G for all pB ∈ CQ.
Take pB1 , pB2 ∈ CQ and let Ê be the neutral component of B̂1 ∩ B̂2. Let X
′ → C → E
be the Stein factorization of the natural morphism X ′ → E. Then we have a natural G-
equivariant morphism X ′ → XB1×CXB2 , where G acts on XB1×CXB2 diagonally. LetM be
a smooth model of the main component of XB1×CXB2 and after birational modifications, we
may assume that G acts on M and we have a G-equivariant surjective morphism X ′ →M .
Then letXB1B2 be the quotientM/H dominated byX and let ZB1B2 be the quotientM/G.
Both varieties have finite quotient singularities and hence are Cohen-Macaulay. Consider
the following commutative diagram:
X ′
/G
f
$$/H
//

X

ϕ
// Z //
t

AX

M
/G
f ′
99
/H
// XB1B2
ϕ′
// ZB1B2 // B1 ×E B2.
Then X is birational to the main component of XB1B1 ×ZB1B2 Z.
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Let Z˜B1B2 be a connected component of ZB1B2 ×B1×EB2 AX and let X˜B1B2 be the corre-
sponding component of ZB1B2 ×B1×EB2 AX . We have
X

ϕ
// Z //
t

AX
X˜B1B2
ϕ′
// Z˜B1B2 // AX .
The morphisms below is then a representative of g ◦ ϕ. Moreover, X˜B1B2 is of general type,
and by Lemma 2.1, χ(X˜B1B2 , ωX˜B1B2
) = χ(Z˜B1B2 , ωZ˜B1B2
).
Step 3 Let Xˆ
ϕˆ
−→ Zˆ
gˆ
−→ AX be a minimal representative of g ◦ ϕ. We claim that, either
after finite e´tale covers, there exists Galois covers Ci → Ei from smooth projective curves to
elliptic curves with Galois groups Gi, for i = 1, 2, 3, finite groups G1 ⊂ G2 ⊂ G1 × G2 ×G3
such that ϕ is birational to the quotient (C1×C2×C3)/G1 → (C1×C2×C3)/G2, or Xˆ → AX
is a birational (Z/2Z)2-cover.
We write ϕˆ∗ωXˆ = ωZˆ ⊕ Qˆ. We again have two cases: either |CQˆ| ≥ 3 or |CQˆ| = 2.
In the first case, there exist pB1 , pB2, pB3 ∈ CQˆ. After an e´tale cover, we may assume that
A = E1×E2×E3 and for {i, j, k} = {1, 2, 3}, the quotient pBi is simply the natural quotient
A→ Ej×Ek. Then, by Step 3 and the assumption that gˆ◦ϕˆ is a minimal representative, we
know that Xˆ is birational to XˆBiBj for all i, j ∈ {1, 2, 3}, where XˆBiBj is a desingularization
of the main component of the quotient of the fiber product of (Xˆ ′Bi ×Ck Xˆ
′
Bj
)/H as in the
previous step, where Ck is the normalization of Ek in the Galois closure Xˆ
′ of Xˆ → Zˆ.
We recall the argument [DJLS, Theorem 3.4, Step 3] to prove that the fibrations hBi :
Xˆ → XˆBi are birationally isotrivial. Since X is birational to (Xˆ
′
B1
×C3 Xˆ
′
B2
)/H , the fibers of
hB1 over two general points in a general fiber of XˆB1 → E3 are birational to each other. By
the same reason, the fibers of hB1 over two general points in a general fiber of XˆB1 → E2 are
birational to each other. Hence two general fibers of hB1 are birational to each other. Then
by [BBG], hB1 is birationally isotrivial and the same arguments works for hB2 and hB3 .
Then by [DJLS, Lemma 3.5], there exist Galois covers Ci → Ei with Galois group Gi
and a subgroup G1 ⊂ G1 × G2 × G3 such that Xˆ → A is birational to the quotient (C1 ×
C2 × C3)/G1 → E1 × E2 × E3 and G1 acts on Ci × Cj faithfully for any i 6= j. Since
C1 × C2 × C3 → E1 × E2 × E3 is Galois, there exists G2 ⊂ G1 × G2 × G3 a subgroup such
that Z is birational to (C1 × C2 × C3)/G2.
If |C
Qˆ
| = 2, we have deg ϕˆ = deg gˆ = 2 and it is easy to see that gˆ ◦ ϕˆ is a birational
bidouble cover.
Step 4 If |C
Qˆ
| ≥ 3, then Gi = Z/3Z, G1 ≃ Z/3Z, G2 ≃ (Z/3Z)2 and X is birational to
Xˆ. This is Case (A).
Let gi = |Gi|. Note that deg(Xˆ/A) =
g1g2g3
|G1|
> 1 and deg(Zˆ/A) = g1g2g3
|G2|
. Moreover, as Xˆ
does not satisfies property C1 and is dominated by C1 × C2 × C3, we conclude that CXˆ =
C
Qˆ
= {pB1 , pB2, pB3} and deg(XˆBi/ZˆBi) = deg(Xˆ/Zˆ) =
|G2|
|G1|
. Moreover, deg(XˆBi/Bi) =
gjgk
|G1|
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and deg(ZˆBi/Bi) ≥
gjgk
|G2|
2. Put everything together, we have
g1g2g3
|G1|
≤
g1g2g3
|G2|
+ (
1
|G1|
−
1
|G2|
)(g1g2 + g1g3 + g2g3).
Hence 1
g1
+ 1
g2
+ 1
g3
≥ 1. For {i, j, k} = {1, 2, 3}, since X does not satisfy property C1, G1
acts faithfully on Cj × Ck, and pBi ∈ CQˆ, we have that G1 ։ Gi and hence gi divides |G1|,
|G1| divides gjgk, and |G1| < gjgk. Then, after a calculation of all possible solutions, we see
that {g1, g2, g3} = {3, 3, 3} or {2, 2, 2} or {2, 4, 4}, other solutions can be ruled out by the
conditions on G1 and G2.
If {g1, g2, g3} = {2, 2, 2}, we should have |G2| = 4 and |G1 = 2|. Then we see that |CQˆ| = 2,
which contradicts the assumption of this step.
If {g1, g2, g3} = {2, 4, 4}, we should have |G1| = 4. Then deg(XˆB2/B2) = deg(XˆB3/B3) = 2
and deg(Xˆ/AX) = 8. However, then Xˆ cannot be birational to XˆB2B3 , which is a contra-
diction to the minimality of gˆ ◦ ϕˆ.
Hence, we are always in the first case and then G1 ≃ Z/3Z and G2 ≃ (Z/3Z)2.
We then need to prove that X is birational to Xˆ . It suffices to show that |CQ| = 3. If
|CQ| = 3, by (9) and (10), m = 3+ rankF
Z
B1
+ rankFZB2 + rankF
Z
B3
≥ 3(1+ rankFZBi)(1+
rankFZBj ) for i 6= j. We then see that the only possible case is that m = 3 and F
Z
Bi
= 0 for
all i. Hence Z is birational to Zˆ and X is birational to Xˆ .
We argue by contradiction and assume that |CQ| ≥ 4. Let pB4 ∈ CQ and after permutation
of indices, we may assume that the neutral component Ê4 of B̂4 ∩ B̂3 is neither Ê1 nor Ê2.
Note that C(X)/C(Z) is a Galois cover with Galois group G ≃ Z/3Z. Hence XB4 → ZB4 is
also birationally a Z/3Z-cover. Recall that XˆB3 = (C1 × C2)/(Z/3Z). Let X4 be a smooth
model of a main component of (XB4 ×E4 XˆB3) ×B3×E4B4 AX . Then X4 admits a G-action
and let Z4 = X4/G. By Step 3 and the structure of Ein-Lazarsfeld threefolds, we know that
χ(X4, ωX4) = χ(Z4, ωZ4) > 0. As in Step 3, we consider the commutative diagram
X4

// Z4 //

AX
Xˆ4 // Zˆ4 // AX ,
where the morphisms below is a minimal representative of the morphisms above. By the
previous steps, we know that Xˆ4 → AX is a (Z/3Z)2-cover and for all pB ∈ CXˆ4 , the fibration
Xˆ4 → Xˆ4B is birationally isotrivial. We claim that B̂4 ∈ CXˆ4 . We have a commutative
diagram
X4

// Xˆ4

// AX

XB4 // Xˆ4B4 // B4.
Note that a general fiber of X4 → XB4 is of degree 3 over the corresponding fiber of
A → B4. Hence so is a general fiber of Xˆ4 → Xˆ4B4 . Therefore, deg(Xˆ4B4/B4) = 3 and
pB4 ∈ CXˆ4 . Thus Xˆ4 → Xˆ4B4 is birationally isotrivial and hence so is X4 → XB4 . Thus
2The action of G2 on Cj × Ck may not be faithful.
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XˆB3 = (C1×C2)/(Z/3Z)→ E4 is also birationally isotrivial. However, this is a contradiction
to [CDJ, Lemma 5.3].
Finally, as deg(Z/AX) = 3, g : Z → AX is minimal and hence OA should be the only
direct summand of g∗ωZ , which is not M-regular and hence rankF
Z = 2. By Lemma 2.4,
ϕZ is birational and hence ϕX is birationally equivalent to ϕ.
Step 5 We now assume that for any minimal representative Xˆ
ϕˆ
−→ Zˆ
gˆ
−→ AX of g ◦ ϕ,
|C
Qˆ
| = 2 and hence gˆ ◦ ϕˆ is a (Z/2Z)2-cover.
In this case, ϕ : X → Z is a birational double cover and we denote by τ the birational
involution on X of ϕ. We shall need some lemmas to deal with this case. First we fix
Xˆ → Zˆ → AX a minimal representative of g ◦ ϕ. Let CQˆ = {pB1 , pB2}. We denote by
ri = rankF
Z
Bi
for each pBi ∈ CQ and we may assume that r1 ≥ r2 ≥ · · · . By (10), we know
that 2(1 + r1)(1 + r2) divides m =
∑
pBi∈CQ
(1 + ri).
We have already see in Step 1 that if |CQ| = 2, then degϕ = deg g = 2 and hence X is
birational to Xˆ and Z is birational to Zˆ. This is Case (B). In the following, we shall always
assume that |CQ| ≥ 3.
Lemma 4.12. If |CQ| = 3, then r1 = 1, r2 = r3 = 0 and hence m = deg(Z/AX) = 4. If
|CQ| = 4, then either r1 = r2 = r3 = r4 = 1 or r1 = r2 = r3 = r4 = 0.
Proof. Note that 2(1+r1)(1+r2) divides 3+r1+r2+r3 implies that r1 = 1 and r2 = r3 = 0.
Similarly, the condition that 2(1+r1)(1+r2) divides 4+r1+r2+r3+r4 gives us the possible
solutions either r1 = r2 = r3 = r4 = 1 or r1 = r2 = r3 = r4 = 0. 
Hence we like to control the number |CQ|. We need to study the structure of (Z/2Z)k-
covers to show that |CQ| ≤ 4.
Lemma 4.13. For any pB ∈ CQ, there exists a birational double cover SB → B such that
X is birational to the main component of SB ×B Z.
Proof. The proof is very close to the arguments in Step 4. We may assume that pB is
different from pB1 and pB2 . Let X
′ be a smooth model of the main component of the fiber
product of XB with XˆB1 and let Z
′ be the quotient of the diagonal involution. Take an
appropriate e´tale base change, we may assume that X ′
ϕ′
−→ Z ′
g′
−→ AX is a representative of
g ◦ ϕ.
We then take Xˆ ′
ϕˆ′
−→ Z ′
gˆ′
−→ AX a minimal representative of g
′ ◦ ϕ′. Note that gˆ′ ◦ ϕˆ′
is also a minimal representative of g ◦ ϕ. Hence deg(Xˆ ′/AX) = 4. We then consider the
commutative diagram
X ′ //

Xˆ ′ //

AX

XB // XˆB // B.
Let K be the fiber of AX → B. Then a general fiber C of X
′ → XB is of degree 2 over
K. Hence a general fiber of Xˆ ′ → XˆB is also of degree 2 over K and thus XˆB → B is a
birational double cover. 
By Lemma 4.13, we can construct (Z/2Z)k-covers of AX , which is dominated by X .
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Recall the building data of the birational G-cover f : Y → AX , for G = (Z/2Z)k. Assume
that
f∗ωY =
⊕
χ∈G∗
Lχ,
where Lχ is the eigensheaf of character χ. We shall denote by L
′
χ the double dual of Lχ.
Note that if Lχ is the pull-back of a rank one sheaf on B, then L
′
χ is the pull-back of an
ample line bundle on B. Moreover, a′′∗OX′′ =
⊕
χ∈G∗ L
′−1
χ . By [Pa], there are effective
divisors Dτ on AX , which are part of the branched divisors of a
′′, for each τ ∈ G, such that
the following condition holds for any ρ and σ of G∗:
L
′
ρ + L
′
σ = L
′
ρσ +
∑
τ∈V (ρσ)
Dτ ,(11)
where V (ρσ) consists of all τ ∈ G such that ρ(τ) = σ(τ) = −1.
If Lχ is not M-regular, then it is the pull-back on AX of a M-regular sheaf on a quotient
abelian variety B twisted with a torsion line bundle. We shall call B the ample support
of Lχ. Note that by [CJ], B̂ ⊂ ÂX is the translate of V
0(Lχ) through the origin. Note
moreover that, if the ample support of Lχ is B, then so is L
′
χ.
There are still two sub-cases: either for all minimal representative gˆ◦ϕˆ of g◦ϕ, χ(Xˆ, ωXˆ) >
0 or there exists one minimal representative such that χ(Xˆ, ωXˆ) = 0.
Subcase 1
We shall see that we are in case (C1) in this situation.
In the first case, let pB3 ∈ CQ. Recall that the composition of morphisms aˆ : Xˆ
ϕ
−→ Zˆ
gˆ
−→
AX is a birational (Z/2Z)2-cover. We write aˆ∗ωXˆ = OAX ⊕ Lχ1 ⊕ Lχ2 ⊕ Lχ1χ2, where χ1
and χ2 is a generator of the character of the Galois group of aˆ and Lχi is the pull-back of
a M-regular rank one sheaf on Bi. By the assumption that χ(Xˆ, ωXˆ) > 0, we know that
Lχ1χ2 is M-regular and gˆ∗ωZˆ = OAX ⊕Lχ1χ2.
We denote by X ′ a smooth model of the main component of the fiber product of Xˆ×B3SB3
and let ϕ′ : X ′ → Z ′ the diagonal quotient and write the canonical splitting as ϕ′∗ωX′ =
ωZ′⊕Q
′. Then the induced morphism a′ : X ′
ϕ′
−→ Z ′
g′
−→ AX is a birational (Z/2Z)3-cover. We
then denote by Lχ3 the eigensheaf of a
′
∗ωX′ which comes from the double cover SB3 → B3.
Hence Lχ3 is the pull-back of a M-regular sheaf on B3. By the assumption of this sub-case,
Lχ1χ3 and Lχ2χ3 are M-regular sheaves. Note that g
′
∗ωZ′ = OAX ⊕Lχ1χ2 ⊕Lχ1χ3 ⊕Lχ2χ3.
Hence Lχ1χ2χ3 is not M-regular and should be a pull-back of a M-regular sheaf on B4. Note
that pB4 is different from pBi , for 1 ≤ i ≤ 3, otherwise we may assume that pB4 is equivalent
to pB1 , then from the ring structure of a
′
∗OX′ = H om(a
′
∗ωX′,OAX ), we see that L
′
χ2χ3
is a
subsheaf of of L ′χ1 ⊗ L
′
χ1χ2χ3
. Then the ample support of L ′χ2χ3 is dominated by B1 and
hence L ′χ2χ3 and Lχ2χ3 cannot be M-regular, which is a contradiction.
Hence CQ′ = {pB1 , pB2, pB3 , pB4}.
We then claim that CQ = CQ′ . Otherwise, we take pB5 ∈ CQ \CQ′. Let a
′′ : X ′′ → AX be
the the corresponding birational G := (Z/2Z)4-cover by taking the fiber product of X ′ with
SB5 . Similarly, let ϕ
′′ : X ′′ → Z ′′ the diagonal quotient and hence the natural morphisms
X ′′
ϕ′′
−→ Z ′′
g′′
−→ AX is a representative of g ◦ ϕ.
We denote by Lχ4 the eigensheaf corresponding to the double cover SB5 → B5. Then
χ1, . . . , χ4 are generators of the character group G
∗. We denote by their dual τ1, . . . .τ4 the
generators of G. Then a′′∗ωX′′ =
⊕
χ∈G∗ Lχ. We say χ is even, if it is the trivial character,
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or χiχj for i 6= j, or χ1χ2χ3χ4. We call other characters odd. Then g
′′
∗ωZ′′ =
⊕
χ∈G∗ even Lχ.
Since g′′ ◦ ϕ′′ is a representative of g ◦ ϕ, χ(X ′′, ωX′′) = χ(Z
′′, ωZ′′). Hence for any χ odd,
Lχ is not M-regular.
We know that L ′χi and L
′
χiχjχk
are not M-regular for 1 ≤ i, j, k ≤ 4. We now argue that
such birational G-cover does not exist.
The morphism X ′′ → Z ′′ is just the quotient by τ1τ2τ3τ4. Note that by (11),
Dτ1 ≤ L
′⊗2
χ1
,L ′⊗2χ1χ2χ3,L
′⊗2
χ1χ2χ4
,L ′⊗2χ1χ3χ4 .
If Dτ1 is non-trivial, then it should be the pull-back of an ample divisor on E, where Ê is the
neutral component of B̂1∩B̂4 and the ample supports of L
′
χ1χ2χ4
and L ′χ1χ3χ4 also dominate
E. Let X ′′′ = X ′′/〈τ2τ3τ4〉 and let Z
′′′ = X ′′/〈τ1, τ2τ3τ4〉. Then a
′′′ : X ′′′
ϕ′′′
−−→ Z ′′′
g′′′
−→ AX is
also a representative of g ◦ ϕ. Moreover,
a′′′∗ ωX′′′ = OAX ⊕Lχ2χ3 ⊕Lχ3χ4 ⊕Lχ2χ4 ⊕Lχ1 ⊕Lχ1χ2χ3 ⊕Lχ1χ2χ4 ⊕Lχ1χ3χ4,
where the direct sum of the first 4 terms are g′′′∗ ωZ′′′. Let c ∈ E be a general point and
let X ′′′c → Z
′′′
c → AXc be the morphisms of ϕ
′′′ and g′′′ between the fibers over c. Note
that X ′′′ → E is a fibration, since X → E is a fibration. Since the ample supports dom-
inate E, Lχ1,Lχ1χ2χ3,Lχ1χ2χ4 ,Lχ1χ3χ4 restricted on AXc are still not M-regular. Then
χ(X ′′′c , ωX′′′c ) = χ(Z
′′′
c , ωZ′′′c ). Note that X
′′′ → AXc is primitive and of degree 8. Hence we
get a contradiction by Theorem 3.1. Thus Dτ1 is trivial. By exactly the same argument, all
Dτi are trivial for 1 ≤ i ≤ 4.
We then note that Dτ1τ2 ≤ L
′
χ1
,L ′χ2,L
′
χ1χ3χ4
,L ′χ2χ3χ4 . Hence by considering the quotient
X/〈τ3τ4〉 → X/〈τ3τ4, τ1τ2〉 and apply the same argument as before, Dτ1τ2 should be trivial
and so is Dτiτj for all 1 ≤ i < j ≤ 4.
Moreover, Dτ1τ2τ3 , Dτ1τ2τ3τ4 ≤ L
′
χ1
,L ′χ2 ,L
′
χ3
,L ′χ1χ2χ3 . Hence we see that Dτ is trivial for
all τ ∈ G. Then a′′′ should be an e´tale cover, which is a contradiction. Hence CQ = CQ′
and hence |CQ| = 4.
We now claim that X is birational to X ′ and thus we are in Case (C1). By Lemma 4.12,
we just need to exclude the case that r1 = r2 = r3 = r4 = 1. In that case, deg(ZBi/Bi) = 2
and hence XBi , which is birational to the fiber product of ZBi and X
′
Bi
, is a birational
(Z/2Z)2-cover of Bi, for 1 ≤ i ≤ 4. In particular, rankFXBi = 3, for 1 ≤ i ≤ 4 and
rankFX = rankFX
′
= 3. Note that X → AX is a birational (Z/2Z)4-cover. We may
assume that X → X ′ is the quotient map for τ4 ∈ (Z/2Z)4 and denote by χ4 its dual. We
then denote by Lχ4 the corresponding eigensheaf for a character χ4. Then Lχ4 is not a
direct summand of FX and we may assume that the ample support of Lχ4 is B1. Note
that Lχ2χ4 is also not a direct summand of a
′
∗ωX′ and hence is also not M-regular. We then
consider the quotients
t : X ′′ := X/〈τ1, τ3〉 → Z
′′ := X/〈τ1, τ3, τ4〉 → AX .
Note that t∗ωX′′ = OAX ⊕ Lχ2 ⊕ Lχ4 ⊕ Lχ2χ4 . Because Lχ2 , Lχ4, and Lχ2χ4 are not
M-regular, X ′′ has vanishing holomorphic Euler characteristic and X ′′ is of general type,
since the ample supports of Lχ2 and Lχ4 are different. Thus, X
′′ → Z ′′ → AX is a minimal
representative of g ◦ ϕ, which is a contradiction to the assumption of subcase 1.
Subcase 2
Cases (C2) and (C3) will occur.
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We then deal with the case that one representative Xˆ has vanishing holomorphic Euler
characteristic. We may assume that Xˆ is birational to an Ein-Lazarsfeld theefold, namely
there exits double covers Ci → Ei to elliptic curves with the involution τi, for 1 ≤ i ≤ 3,
such that Xˆ is birational to the diagonal quotient (C1 × C2 × C3)/〈τ1 × τ2 × τ3〉 and hence
AX = E1 ×E2 × E3. We then write
aˆ∗ωXˆ = OAX ⊕Lχ1 ⊕Lχ2 ⊕Lχ1χ2,
where χ1 and χ2 are generators of the dual of the Galois group of aˆ and Lχ are the corre-
sponding eigensheaves, which are line bundles. We may assume that the ample support of
Lχ1 is B1 := E2×E3, the ample support of Lχ2 is B2 := E1×E3, the ample support of Lχ1χ2
is B3 := E1 × E2, and Lχ1χ2 is a direct summand of gˆ∗ωZˆ . In particular, CQˆ = {pB1 , pB2}.
Denote by D′i the branched divisors of Ci → Ei. Let Di be the pull-back of D
′
i on AX .
Then L ⊗2χi = Dj +Dk, for all {i, j, k} = {1, 2, 3}.
If |CQ| = 3, by Lemma 4.12, we know that deg aX = 8. Let {pB, pB1 , pB2} = CQ.
Let SB → B be the birational double cover as in Lemma 4.13 and denote by Lχ3 the
corresponding eigensheaf. If pB is different from pB3 , from the structure of Ein-Lazarsfeld
variety, a smooth model of the fiber product of SB with XˆB3 = (C1×C2)/〈τ1×τ2〉 has positive
holomorphic Euler characteristic. Hence Lχ1χ2χ3 is M-regular. However it is impossible,
since Lχ1χ2χ3 is not a direct summand of g∗ωZ . Hence pB = pB3 . Thus X is birational to
the main component of the fiber product of SB ×B Xˆ and aX : X → AX is a birational
(Z/2Z)3-cover. We have g∗ωZ = OAX ⊕Lχ1χ2 ⊕Lχ1χ3 ⊕Lχ2χ3 . Depending on the structure
of SB → B, either one of Lχ1χ3and Lχ2χ3 is M-regular or both are M-regular. In the first
case, ϕX is birational equivalent to aX and we are in Case (C3). In the latter case, ϕX is
birational equivalent to the morphism X → (C1 × C2)/〈τ1 × τ2〉 × E3 and we are in Case
(C2).
If |CQ| ≥ 4, we pick pB4 ∈ CQ, which is different from pBi for 1 ≤ i ≤ 3. By Lemma 4.13,
we may take the rank 1 eigensheaf Lχ3, whose ample support is B4.
Let X ′ be a smooth model of the main component of the fiber product of Xˆ with SB4
and denote by τ the involution such that the morphisms a′ : X ′
ϕ′
−→ Z ′ := X ′/〈τ〉
g′
−→ AX is
a representative of g ◦ ϕ. We always denote by ϕ′∗ωX′ = ωZ′ ⊕Q
′ the canonical splitting.
Then Lχ1χ2 is τ -invariant and Lχ3 is τ -anti-invariant, hence Lχ1χ2χ3 is also τ -anti-
invariant and thus is not M-regular. Moreover, OAX ⊕Lχ1χ2⊕Lχ3⊕Lχ1χ2χ3 is the pushfor-
ward of another variety with vanishing holomorphic Euler characteristic and of general type.
Thus, from the structure of Ein-Lazarsfeld threefolds, we conclude that we may assume that
B̂4 contains either Ê1 or Ê2. We may assume that B̂4 contains Ê1. In this case, by the
structure of Ein-Lazarsfeld threefolds, the branched divisor of SB4 → B4 is the sum of D1
with an effective divisor, which is the pull-back on B4 of an ample divisor on an elliptic
curve E4. Since pB4 is different from pB2 and pB3 , and Ê1 ⊂ B̂4, we know that Ê4 * B̂2 and
Ê4 * B̂3 and in particular, pE4 is different from pE1 , pE2 , and pE3 .
Let X ′′ be a smooth model of the main component of the fiber product XˆB2×E1SB4 . Then
from the structure of XˆB2 and SB4 , χ(X
′′, ωX′′) = 0. In particular, Lχ2χ3 is not M-regular,
whose ample support B5 dominates E3 and E4. Note that Lχ2χ3 is a direct summand
of g∗ωZ , because both Lχ2 and Lχ3 are τ -anti-invariant. Similarly, we see that Lχ1χ2χ3,
which is τ -anti-invariant, is not M-regular, whose ample support B6 dominates E2 and E4.
Thus g′∗Q
′ = Lχ1 ⊕ Lχ2 ⊕ Lχ3 ⊕ Lχ1χ2χ3 . Note that pB6 is different from pB4 , otherwise
Ê1 + Ê4 = Ê2 + Ê4 and we conclude that Ê4 ⊂ Ê1 + Ê2 = B̂3, which is a contradiction.
SOME RESULTS ON THE EVENTUAL PARACANONICAL MAPS 27
In summary, CQ′ = {pB1 , pB2 , pB4, pB6} and g
′
∗ωZ′ = OAX ⊕Lχ1χ2 ⊕Lχ2χ3 ⊕Lχ1χ3 . Since
χ(X ′, ωX′) = χ(Z
′, ωZ′) > 0, Lχ1χ3 is M-regular.
We then claim that CQ = CQ′ . Otherwise, let pB ∈ CQ \ CQ′ and let Lχ be the corre-
sponding eigensheaf. Then as before, Lχχ1χ2 is not M-regular. Thus B dominates either E1
or E2. Moreover, Lχχ2χ3 is also not M-regular, thus B dominates either E3 or E4. Then
pB ∈ CQ′, which is a contradiction.
We then show that X is birational to X ′ and hence we are in Case (C3). By Lemma 4.12,
we just need to exclude the case that r1 = r2 = r3 = r4 = 1. In that case, ρ : Z → Z
′ is a
birational double cover and
g∗ωZ = g
′
∗ωZ′ ⊕F
Z
B1
⊕FZB2 ⊕F
Z
B4
⊕FZB6 .
We may assume that FZB6 = Lχ4 . We have seen that B6 does not dominate E1, because
pB6 is different from pB4 . Moreover, B6 does not dominate E3, because pBi is different from
pB1 . Then by the structure of Ein-Lazarsfeld variety, we know that Lχ2χ4 is M-regular, but
is not a direct summand of g∗ωZ , which is a contradiction. 
Proposition 4.14. Assume that any finite abelian cover of X does not have a fibration to
smooth projective curves of genus ≥ 2 and the eventual paracanonical image Z is of general
type with χ(Z, ωZ) = 0. Then degϕX ≤ 5
Proof. After e´tale cover of AX , we may assume that Z is birational to an Ein-Lazarsfeld
threefold. We first claim that C(X)/C(Z) is a minimal field extension. Assume that ϕ
factors as X
ϕ
−→ Y
ψ
−→ Z with degψ > 1. Then by [CDJ], χ(Y, ωY ) > 0. Hence by Lemma
2.3, χ(X,ωX) = χ(Y, ωY ) > 0. However, deg(Y/AX) = 4 degψ > 4 and by Theorem 4.11, ϕ
is a birational morphism.
Write ϕX∗ωX = ωZ ⊕Q. Then for any pB ∈ CQ, X is birational to the main component
of XB ×ZB Z. We may assume that degϕX = k. As in Step 2 of the proof of Theorem 4.11,
we then have
4k = 4 +
∑
pB∈CQ
rankF QB + rankF
X .
If B ∈ CZ , then deg(XB/B) = k deg(ZB/B) = 2k and hence rankF
Q
B = 2k − 2, otherwise
rankF QB = k−1. Thus (k−1) divides rankFX . On the other hand, F
X = FZ is contained
in g∗L . Thus rankFX ≤ 4 and we have k ≤ 5. 
We then finish the discussion when κ(Z) = 3.
Theorem 4.15. Let X be a threefold of maximal Albanese dimension with χ(X,ωX) > 0
and let Z be the image of the eventual paracanonical map ϕX of X. If κ(Z) = 3, then
deg ϕX ≤ 5.
Example 4.16. There exists a birational Z/3Z-cover ϕ : X → Z between 3-folds such that
aX : X → AX is a birational (Z/3Z)2-cover, which factors through ϕ, and χ(X,ωX) =
χ(Z, ωZ) > 0.
Let ρi : Ci → Ei be Z/3Z-covers of elliptic curves for i = 1, 2, 3 and g(Ci) > 0. Fix τ a
generator of Z/3Z and let χ ∈ (Z/pZ)∨ be a generator. Then we write
ρi∗ωCi =
2⊕
k=0
Li,χk ,
where Li,χk is the χ
k-eigensheaf, Li,χ0 = OEi and other eigensheaves are ample line bundle.
Then Y = C1 ×C2 ×C3 → E1 ×E2 ×E3 is a (Z/3Z)3-cover. Let H be the cyclic subgroup
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of (Z/3Z)3 generated by (τ, τ, τ) and let G be the subgroup generated by H and (τ, 2τ, 0).
Denote by X ′ the quotient Y/H and Z ′ the quotient Y/G. We then have the commutative
diagram:
Y // X ′
f ′
&&ϕ′
// Z ′
g′
// A := E1 ×E2 × E3.
Note that
f ′∗ωX′ = (aY ∗ωY )
H =
⊕
(a,b,c)∈(Z/3Z)3
a+b+c=0
L1,χa ⊠ L2,χb ⊠ L3,χc ,
and
g′∗ωZ′ = (aY ∗ωY )
G =
⊕
(a,b,c)∈(Z/3Z)3
a+b+c=0
a+2b=0
L1,χa ⊠ L2,χb ⊠ L3,χc
= OA ⊕ (L1,χ ⊠ L2,χ ⊠ L3,χ)⊕ (L1,χ2 ⊠ L2,χ2 ⊠ L3,χ2).
Then we see that χ(A, f ′∗ωX′) = χ(A, g
′
∗ωZ′) > 0. Let X and Z be respectively smooth
models of X ′ and Z ′ and after modifications we may assume that we have the commutative
diagram
X
ϕ
//
ρX

Z
  
❇❇
❇❇
❇❇
❇❇
ρZ

X ′ // Z ′ // A.
Since X ′ and Z ′ have quotient singularities, ρX∗ωX = ωX′ and ρZ∗ωX = ωZ′. Hence
χ(X,ωX) = χ(Z, ωZ) > 0. Moreover, it is also clear that the natural morphism X → A and
Z → A are respectively the Albanese morphisms of X and Z.
Example 4.17. There exists a birational Z/2Z-cover ϕ : X → Z between 3-folds such that
aX : X → AX is a birational (Z/2Z)3-cover, which factors through ϕ, and χ(X,ωX) =
χ(Z, ωZ) > 0.
Let ρi : Ci → Ei be double covers from smooth curves of genus ≥ 2 to elliptic curves with
bielliptic involutions σi, for i = 1, 2. Then C1 × C2 → E1 × E2 is a (Z/2Z)2-cover and we
take S → C1 × C2 be a double cover such that the induced morphism g : S → E1 ×E2 is a
G := (Z/2Z)3-cover. Then let τ1 (resp. τ2) be an involution of S, which is a lift of σ1× idC2
(resp. idC1 × σ2) on C1 ×C2. Let τ3 be an involution on S such that τ1, τ2, and τ3 generate
the Galois group G of g. We denote by τ ∗i the dual of τi on the character group G
∗. Then
g∗ωS = OE1×E2
⊕(
Lτ∗1 ⊕Lτ∗2 ⊕Lτ∗3
)⊕(
Lτ∗1 τ
∗
2
⊕Lτ∗1 τ∗3 ⊕Lτ∗2 τ∗3
)⊕
Lτ∗1 τ
∗
2 τ
∗
3
,
where we denote by Lχ the χ-eigensheaf of g∗ωX for χ ∈ G
∗. In particular, Lτ∗i is the
pull-back of an ample line bundle on Ei for i = 1, 2.
We claim that we can choose S general so that for any other non-trivial character χ, Lχ
is M-regular on E1 × E2. We can take S
′ → E1 × E2 to be a double cover such that the
branched locus is a smooth irreducible ample divisor, which intersect transversally with the
branched divisors of C1×C2 → E1×E2. Let S = (C1×C2)×E1×E2 S
′. Then S → C1×C2 is
a double cover and it is easy to see that S → E1×E2 is a G-cover with the desired property.
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Let ρ : C → E be another double cover from a smooth curve of genus ≥ 2 to an elliptic
curve with the involution σ. We write ρ∗ωC = OE3 ⊕Lσ∗ .
Let X be a smooth model of (S × C)/〈τ1τ2 × σ〉 and let Z be a smooth model of
(S × C)/〈τ1τ2 × σ, τ3 × σ〉 and after further birational modifications, we have the natu-
ral morphisms a : X
ϕ
−→ Z
g
−→ A := E1 ×E2 × E3. Then we have
a∗ωX = OA⊕Lτ∗1 τ∗2⊕Lτ∗3⊕Lτ∗1 τ∗2 τ∗3⊕(Lτ∗1⊠Lσ∗)⊕(Lτ∗2⊠Lσ∗)⊕(Lτ∗1 τ∗3⊠Lσ∗)⊕(Lτ∗2 τ∗3⊠Lσ∗),
and
g∗ωZ = OA ⊕Lτ∗1 τ∗2 ⊕ (Lτ∗1 τ∗3 ⊠Lσ∗)⊕ (Lτ∗2 τ∗3 ⊠Lσ∗).
Hence (Lτ∗1 τ∗3 ⊠Lσ∗)⊕ (Lτ∗2 τ∗3 ⊠Lσ∗) is the M-regular part of both a∗ωX and g∗ωZ and thus
χ(X,ωX) = χ(Z, ωZ).
The following proposition finishes the discussion when κ(Z) = 2.
Proposition 4.18. In case 3, if κ(Z) = 2, then degϕX ≤ 6.
Proof. We take a sufficiently large e´tale cover A˜X → AX and suppose the corresponding Z˜
is birational to S ×E. We denote B := AS and pB : A˜X = AZ˜ → B the natural projection.
If ϕX is a birational double cover, then nothing needs to be proved. Otherwise, rankQ ≥ 2
and hence CQ 6= ∅. By Lemma 2.6, there exists pB1 ∈ CQ, which is different from pB. Let
Zˆ be a smooth model of the main component of the fiber product X˜B1 ×B1 Z˜. Then Zˆ is of
general type.
Either χ(Zˆ, ωZˆ) > 0 and hence χ(X˜, ωX˜) = χ(Zˆ, ωZˆ) or we may assume that Zˆ is bira-
tional to an Ein-Lazarsfeld threefold.
In the first case, if X˜ → Zˆ is not birational, we apply Theorem 4.11. It can happen only
in Case (C2). Then ϕX is a birational bidouble cover.
We then assume that X˜ is birational to the main component of X˜Bi×Bi Z˜ for any pBi ∈ CQ.
Since X˜ does not admit any fibration to a smooth projective curve of genus ≥ 2, we see
that the natural morphism X˜ → S is a fibration. Hence pB /∈ CQ. Thus for any pBi ∈ CQ,
deg(XBi/Bi) = deg(ϕX) := k. By the decomposition theorem, we then have
deg(X˜/A˜X) = k deg(Z˜/A˜X) = deg(Z˜/A˜X) + (k − 1)|CQ|+ rankF
X˜ .
If |CQ| = 1, we have (k − 1)(deg(Z˜/A˜X) − 1) ≤ rankF
X˜ ≤ deg(Z˜/A˜X). Hence k ≤ 3.
if |CQ| ≥ 2, pick pB1 ∈ CQ, X˜ is birational to the main component of X˜B1 ×B1 Z˜. Let
Ê1 be the neutral component of B̂1 ∩ B̂, then X˜ is birational to an e´tale cover of the
main component of S ×E1 X˜B1 . Then we see that the only fibrations belong to CX which
dominates E1 are pB and pB1 . Hence pick pB2 ∈ CQ, the neutral component Ê2 of B̂2 ∩ B̂ is
different from Ê1 and X˜ is birational to an e´tale cover of the main component of S×E2 X˜B2 .
By the same argument as in Step 3 of the proof of Theorem 4.11, we conclude that the
fibration X˜ → S is birational isotrivial. Hence there exist a birational G-cover S1 → S
and a smooth projective curve C with a faithful G-action such that X˜ is birational to the
diagonal quotient (S1 × C)/G. Moreover, since q(X˜) = 3, we may assume that C/G ≃ E.
Moreover, X˜Bi → Ei are birational isotrivial fibrations with a general fiber C for i = 1, 2.
Hence there exists smooth projective curves C1 and C2 both with faithful G-actions such
that X˜Bi is birational to the diagonal quotient (Ci×C)/G. Hence X1 := (C1×C2×C)/G
t
−→
Z1 := (C1×C2)/G×E → A(C1×C2)/G×E is a representative of g ◦ϕ. By Lemma 4.7, there
exists at most one character χ of G such that χ(Z1, (t∗ωX1)
χ) 6= 0. It is easy to see that it
is only possible that G = Z/2Z. Hence degϕX = |G| = 2.
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In the second case, we may denote CZˆ = {pB1, pB2 , pB}. Note that t : X˜ → Zˆ is minimal,
by Theorem 4.11 and Corollary 2.3. Denote t∗ωX˜ = ωZˆ ⊕ Qˆ. Then for any pB ∈ CQˆ, X˜
is birational to the main component of X˜B ×ZˆB Zˆ. Denote by k = deg t. Then by the
decomposition theorem, we have
deg(X˜/A˜X) = 4k = deg(Zˆ/A˜X) +
∑
pB∈CQˆ
(deg(X˜B/B)− deg(ZˆB/B)) + rankF
X˜
= 4 +
∑
pB∈CQˆ
(k − 1) deg(ZˆB/B) + rankF
X˜ .
Note that in this case deg(Z/A˜X) = 2. Hence rankF
X˜ ≤ 2. Thus k − 1 ≤ rankF X˜ ≤ 2.
We then have deg ϕX ≤ 6. 
With both Proposition 4.8 and 4.18, we have
Theorem 4.19. Let X be a threefold of maximal Albanese dimension with χ(X,ωX) > 0
and let Z be the image of the eventual paracanonical map ϕX of X. If κ(Z) = 2, then
deg ϕX ≤ 6.
4.4. Case 4. In this case, we can simply assume that Z = AX and ϕX = aX is the Albanese
morphism of X . Then FX = L is a rank 1 torsion-free sheaf. We again take a sufficiently
large and divisible e´tale cover of A to kill all the torsion line bundles QB,i and consider the
corresponding base change of the morphism aX : X → AX . For simplicity of notations, we
write f : X → A the base change and then
f∗ωX = OA ⊕Q = OA ⊕L ⊕
⊕
pB∈CQ
p∗BFB,(12)
where B are abelian varieties of dimension 1 or 2.
Proposition 4.20. Under the above setting, if there exists pB ∈ CQ with dimB = 1, then
deg ϕX = deg f ≤ 8. Moreover, degϕX = 8 iff ϕX is a (Z/2Z)3-cover.
Proof. We denote by FB1 the direct summand such that dimB1 = 1 and letX → CB1
f1
−→ B1
be the Stein factorization of natural morphism X → B1. Then f1∗ωCB1 = OB1 ⊕ FB1 and
deg f1 = k1 = 1 + rankFB1 > 1.
By Lemma 2.7, there exists pB2 ∈ CQ such that pB1 × pB2 is an isogeny.
Let X → SB2
f2
−→ B2 be the Stein factorization of the natural morphism X → B2. Then
f2∗ωSB2 = OB2 ⊕FB2
⊕
p′i:B2→Bi
p′∗i FBi ,(13)
where Bi are the abelian varieties in (12) which are dominated by B2.
We have a commutative diagram:
X //

A
ρ

CB1 × SB2
f1×f2
// B1 × B2,
which is a sub-representative of f . Let X ′ = (CB1 × SB2) ×(B1×B2) A. Then we have the
factorization of f as f : X
t
−→ X ′
g
−→ A. Note that g∗ωX′ as a direct summand of f∗ωX
contains ρ∗(FB1 ⊠ FB2) as a direct summand. By the uniqueness of the decomposition
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theorem, we conclude that L ≃ ρ∗(FB1 ⊠FB2). Hence both FB1 and FB2 are of rank 1.
In particular, f1 is a double cover.
By Corollary 2.3, we know that χ(X,ωX) = χ(X
′, ωX′). Since both X and X
′ admit the
fibration over CB1 , we conclude by Riemann-Roch that, for c ∈ CB1 general, χ(Xc, ωXc) =
χ(X ′c, ωX′c). Denote by Ac the fiber of A over f1(c) ∈ B1 and let ρc : Ac → B2 be the
natural isogeny. Then, consider the restricted morphism ac : Xc → X
′
c
a′c−→ Ac, we have
h0ac(Xc, ωXc) = h
0
a′c
(X ′c, ωX′c) = h
0
IdAc
(Ac, ρ
∗
cFB2), where ρ
∗
cFB2 is a rank 1 torsion-free sheaf
on Ac. By the same argument as in Section 2 and Proposition 4.4, we conclude that
deg(Xc/Ac) ≤ 4 and when the equality holds, Xc → Ac is a (Z/2Z)2-cover. In this case, X ′c
is birational to Xc and SB2 → B2 is also a (Z/2Z)
2-cover. We then conclude that f is a
(Z/2Z)3-cover.

Let’s recall that a threefold of maximal Albanese dimension, of general type, with χ(X,ωX) =
0 is called an Ein-Lazarsfeld threefold and its Albanese morphism is a (Z/2Z)2-cover (see
[CDJ]).
Proposition 4.21. Assume that g : Y → A be the Albanese morphism of an Ein-Lazarsfeld
threefold. Assume that for some generically finite morphism t : X → Y of degree ≥ 2, the
induced morphism f = g ◦ t : X → A is birationally equivalent to the eventual paracanonical
map of X, then f is a birational (Z/2Z)3-cover.
Proof. Assume that f is the eventual paracanonical map of X , then f is the Albanese
morphism of X . We are free to take abelian e´tale covers of AX and consider the base
change. Hence we will assume that no torsion line bundles appear in the decomposition
formula.
If t is not minimal, then it factors birationally as X → Z → Y with deg(X/Z) ≥ 2 and
deg(Z/Y ) ≥ 2, then χ(Z, ωZ) > 0 by the structure of Ein-Lazarsfeld variety and hence by
Corollary 2.3, χ(Z, ωZ) = χ(X,ωX) > 0. However, deg(X/A) > 8, which is a contradiction
to Theorem 4.11. Hence t is minimal.
We write t∗ωX = ωY ⊕Q. Then g∗Q has rank ≥ 4, while FX = L is of rank 1. Hence
there exists pB ∈ CQ. Consider the induced morphism XB → YB, which is not birational.
By the minimality of the extension C(X)/C(Y ), we conclude that X is birational to the
main component of XB ×YB Y . Denote by a = deg(XB/YB) = deg(X/Y ).
For all pB ∈ CQ, either deg(YB/B) = 2 or YB is birational to B. Hence either deg(XB/B) =
2a or deg(XB/B) = a and rankF
Q
B = 2a− 2 or a− 1.
Since
rank f∗ωX = rank g∗ωY + rankL +
∑
pB∈CQ
rankF QB ,
we conclude that a − 1 divides rankL = 1. Thus a = 2 and X is birational to the main
component of XB ×YB Y for any pB ∈ CQ. Hence f : X → A is a birational (Z/2Z)
3-
cover. 
Proposition 4.22. Assume that the Albanese morphism aX : X → AX is birationally
equivalent to ϕX , dimB = 2 for all pB ∈ CQ, and aX does not factors though any variety of
general type with vanishing holomorphic Euler characteristic, then aX is a (Z/2Z)2-cover.
Proof. First we take Z a threefold of general type over AX with deg(Z/AX) minimal such
that aX factors as X → Z → AX . By assumption, χ(Z, ωZ) > 0. Hence χ(X,ωX) =
χ(Z, ωZ). By Theorem 4.11 and the assumption that X does not factors through Ein-
Lazarsfeld varieties, we conclude that either X birational to Z or aX is a birational bidouble
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cover. Hence in the following we shall assume that X birational to Z, namely aX does not
factors non-trivially through any other varieties of general type.
Then for any pBi , pBj ∈ CQ, let Êij be the neutral component of B̂i ∩ B̂j . Then a
desingularization Xij of the main component of the fiber product of XBi ×Eij XBj is of
general type. We denote by X ′ij the abelian e´tale cover of Xij such that aX factors as
X
tij
−→ X ′ij → A. Then tij is birational.
Let ri = rankFBi . Then deg(XBi/Bi) = 1 + ri and (1 + ri)(1 + rj) = deg aX .
If CQ = {pB1, pB2}, then (1+r1)(1+r2) = 2+r1+r2. The only solution is r1 = r2 = 1 and
hence f is a (Z/2Z)2-cover. If |CQ| = s ≥ 3, then ri = r1 for all i and hence (1+r1)2 = 2+r1s.
Then r21 + 2r1 − 1 = r1s. Hence r1 = 1 and s = 2, which is a contradiction.

By Proposition 4.20, 4.21, 4.22, we have
Theorem 4.23. Let X be a threefold of maximal Albanese dimension with χ(X,ωX) > 0.
Assume that aX : X → AX is birationally equivalent to ϕX , then deg aX ≤ 8 and the equality
holds only when aX is a birational (Z/2Z)3-cover.
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